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Preface

These notes give an introduction to Einsteins theory of general
relativity, and to three

important applications, the solar gravitational field, the
concept of a black hole and the

formulation of cosmological models. In order to make the subject
mathematically accessible

we have not made use of modern differential geometry (i.e.
differentiable manifolds and the

index-free approach to tensors). Instead, in the first chapter
we give a brief introduction to

the essentials of classical differential geometry and tensor
analysis.

As regards the mathematical prerequisites, a strong background
in calculus and elemen-

tary ordinary differential equations is essential (AMATH 231 and
AMATH 250). As regards

physics, an introductory course in Newtonian mechanics and
special relativity is essential

(AMATH 261). The course has a four hundred level number to
reflect the required level of

intellectual maturity.

Warning:

The information concerning observations of black holes in
chapter 4, and concerning

cosmological observations in chapter 5, is completely
out-of-date, since these notes were

written in 1980 and there have been very significant
developments since then. We intend

to update these parts of the notes in the near future. Please
note that the mathematical

description of black holes and cosmological models, based on
Einsteins theory of general

relativity, is still completely valid.

December, 2004
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Chapter 1Differential Geometry and Tensors

Geometrically, surfaces in E3, such as a sphere or a paraboloid,
are fundamentally different

from a plane. In all three spaces, there is defined a notion of
distance, but the first two

have non-zero curvature (they are intrinsically curved), while a
plane has zero curvature (it

is flat).One of Einsteins insights was that gravity can be
described by the curvature of spacetime,

which is a four-dimensional set whose points are labelled by
coordinates (t, x1, x2, x3), wheret

is a time coordinate andx1, x2, x3 are spatial coordinates.
Hence the need to study curvature

in this course.

Differential geometry provides the mathematical language for
describing curvature of

spaces of two or more dimensions. One of the principle tools is
the notion of a tensor, which

we will now introduce.

1.1 Tensors inE

n

1.1.1 Metric Tensor in En

Considern-dimensional Euclidean space En, which is Rn with the
Euclidean inner product,

i.e. ifu = (u1, . . . , un) and v = (v1, . . . , vn) are
elements ofEn, then

u v=n

i=1

uivi.

It is helpful to write u

v in terms of the Kronecker deltasymbol,

ij =

1, ifi = j

0, ifi =j,

as

u v=n

i=1

nj=1

ijuivj =iju

ivj . (1.1)

1
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We have used here theEinstein summation convention, which is
used throughout differential

geometry and Einsteins Theory of Relativity.

Notation: [Einstein Summation Convention] When an index appears
repeated in an expres-

sion, summation is implied to occur over all values assumed by
that index. As is customary

when using the -notation, the summation index is called a dummy
index because it can

be relabelled at will. For example, we can relabel the dummy
indices in equation (1.1) andwrite

u v= muvm.

Let{Xi}ni=1 be Cartesian coordinates labelling points in En.
Consider a curveC in Engiven by a vector equation

X= X(), 1 2.The tangent vector toC is given by dX

dand the arclength of the curve is given by

s=

2

1

dXddX

d d. (1.2)

In differential form, (1.2) reads

ds

d =

dX

ddX

d =

ij

dXi

d

dXj

d , (1.3)

where we have made use of the notation in (1.1).

Now, introduce arbitrary coordinates {xi}ni=1that are related to
the Cartesian coordinatesby

X= F(x),

where F : Rn Rn. In component form, we write

Xi =Fi(x1, x2, . . . , xn), i= 1, . . . , n . (1.4)

In these new coordinates, write the curveC as

xi =xi(). (1.5)

Then, by applying the chain rule to (1.4) and (1.5), we obtain
the tangent vector to

C,

dXi

d =

Fi

x1dx1

d + . . . +

Fi

xndxn

d =

nj=1

Fi

xjdxj

d .

Using the summation convention,

dXi

d =

Fi

xjdxj

d .

2
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In vector form, this equation reads

dX

d =

F

xjdxj

d . (1.6)

It follows from (1.3) and (1.6) that

dsd2

= Fxi Fxj dxi

d dx

j

d . (1.7)

We introduce the notation

gij = F

xi F

xj (1.8)

so that (1.7) assumes the form ds

d

2=gij

dxi

d

dxj

d . (1.9)

The functions gij are the components of what is known as the
metric tensor relative to the

coordinate system

{xi

}. We write (1.9) in the shorthand form

ds2 =gijdxidxj, (1.10)

which can be interpreted heuristically as the square of the
distance between two infintesimally

close points in En. An expression fords2 is referred to as the
line-element.

Remark 1.1: It is important to note that the components gij of
the metric tensor form a

symmetric array, i.e.

gij =gji.

This symmetry is a consequence of (1.8) and the fact that the
scalar product is symmetric

(i.e. u v

=v u

).

Example 1.1: Find the components of the metric tensor in E2
relative to polar coordinates.

Solution: We have the change of coordinates X = F(x) given
byX1

X2

=

x1 cos x2

x1 sin x2

,

where (x1, x2) = (r, ) represent the radius and angle of polar
coordinates.

Calculate the coordinate tangent vectors, namely the partial
derivatives ofF:

F

x1 =

cos x2

sin x2

and

F

x2 =

x1 sin x2x1 cos x2

.

From (1.8), we can calculate the components of the metric tensor
in matrix form:

(gij) =

F

xi F

xj

=

1 0

0 (x1)2

. (1.11)

3
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From (1.10) and (1.11), reverting back to r and , we now have an
expression fords2 in polar

coordinates,

ds2 =dr2 + r2d2.

Exercise: Show that the componentsgij of the metric tensor in E3
relative to spherical

coordinates (r,,) are given implicitly by the line-element

ds2 =dr2 + r2(d2 + sin2 d2). (1.12)

Recall that spherical coordinates (x1, x2, x3) = (r,,) are
related to Cartesian coordinates

according to X1X2

X3

=

x1 sin x2 cos x3x1 sin x2 sin x3

x1 cos x2

.

The metric tensor also enables one to define the magnitude of a
vectorand the notion oforthogonality of two vectors in En. Firstly,
the magnitude of the vectorV with components

Vi relative to arbitrary coordinates xi is given by

V2 =gijViVj. (1.13)Relative to Cartesian coordinates, (1.13)
simplifies to the usual expression:

V2 =ijViVj = (V1)2 + . . . + (Vn)2.Secondly, two vectors with
components Ui and Vi relative to arbitrary coordinates xi are

orthogonal if and only if

gijUiVj = 0. (1.14)

Relative to Cartesian coordinates, (1.14) simplifies to the
usual expression

U1V1 + . . . + UnVn = 0.

1.1.2 Tensor Transformation Laws

Letxi and xi be two coordinate systems in En related by

xi =Fi(x1, x2, . . . , xn), i= 1, 2, . . . , n ,

which we write more consisely asxi =Fi(xj). (1.15)

We wish to develop the transformation laws for various geometric
quantities under the change

of coordinates (1.15). When dealing with transformation laws, it
is convenient to label the

functionsFi as xi and write (1.15) as

xi = xi(xj). (1.16)

4


	
8/11/2019 Am 475 Master

15/176

Tangent Vector of a Curve:

A curve xi =xi() is given in xi coordinates by

xi = xi(xj()),

on using (1.16). By the chain rule, we have

dxi

d =

xi

xjdxj

d . (1.17)

Introducing the notation

Aij = xi

xj (1.18)

we can write (1.17) asdxi

d =Aij

dxj

d . (1.19)

Here, A= (Aij) is the derivative matrix of the coordinate
transformation (1.15). Equation

(1.19) is the transformation law for the components of the
tangent vector dxid.

Gradient of a Scalar Field:

The value of a scalar field (xi) at a given point is the same in
all coordinate systems, but

relative to a coordinate system{xj}, the scalar field is
described by a different function ofthe coordinates, (xj), i.e. we
have

(xj) = (xi)

where xi

=xi

(xj

). Substituting for xi

gives

(xj) =(xi(xj)).

By the chain rule,

xj =

xixi

xj. (1.20)

Introducing the notation

Bij = xi

xj, (1.21)

equation (1.20) reads

xj

=B ijxi

. (1.22)

Equation (1.22) is the transformation law for the components of
the gradient of . The

gradient is an example of a covariantvector field.

Exercise: Verify the key properties that

AikBkj =

ij and B

ikA

kj =

ij. (1.23)

5
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What does this result mean in terms of matrices? Assume that in
each of the arraysAij and

Bij, the upper index labels rows and the lower index labels
columns.

Remark 1.2: Throughout the rest of the chapter, the matrices Aij
and Bij will be the

change of coordinate derivative matrices as defined by equations
(1.18) and (1.21). We will

use the inverse properties (1.23) extensively.

The Metric Tensor:

Since the length of a vector is a scalar, it has the same value
in any coordinate system, i.e.

gijdxi

d

dxj

d =gab

dxa

d

dxb

d . (1.24)

Multiplying (1.19) byBai and using (1.23) gives

dxa

d =Bai

dxi

d. (1.25)

Substitution of (1.25) in (1.24) leads togij BaiBbjgab

dxid

dxj

d = 0.

Since the tangent vector is arbitrary,1we obtain the
transformation law

gij =BaiB

bjgab (1.26)

for the components of the metric tensor.

A tangent vector, a covariant vector, and the metric tensor are
all examples of tensors,

and equations (1.19), (1.22), and (1.26) are the corresponding
tensor transformation laws.

In general, a tensor of type(r, s) is an object which has
components labelled

Ti1irj1js (1.27)

relative to a given coordinate system{xk} in En. The components
relative to anothercoordinate system are denoted by

Ti1irj1js

and are given by a transformation law that generalizes (1.19),
(1.22), and (1.26). We refer

to i1 ir in (1.27) as contravariant indices and to j1 js as
covariant indices. A scalarcan be thought of as a tensor of type
(0,0).

We illustrate with some examples.1Here and elsewhere in this
chapter we use a cancellation property from linear algebra. In its
simplest

form it states that if

u v= 0 for all v En, then u= 0.In index notation, ifijuivj = 0
for all vj , thenui = 0. More generally, ifAij =Aji and

Aijvivj = 0 for all vi, then Aij = 0.

6
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Vector Vi (a (1,0)-tensor):

The components Vi transform according to the law

Vi =AijVj. (1.28)

(Compare with equation (1.19).)

Covariant vector Wj (a (0,1)-tensor):

The components Wj transform according to the law

Wj =BijWi.

(Compare with equation (1.22).)

A (2,0)-tensor:

The components Fij transform according to the law

Fij =AiaAjbF

ab.

A (1,2)-tensor:

The components Tijk transform according to the law

Tijk = AiaB

bjB

ckT

abc. (1.29)

Remark 1.3: The general rule as regards the tensor
transformation law is that the matrixAij acts on each contravariant
index, and the matrix B

ij acts on each covariant index.

1.1.3 Operations on Tensors

In this section, we introduce three ways of creating new tensors
from old.

The Operation of Multiplication:

The operation of multiplication combines an (r1, s1)-tensor and
an (r2, s2)-tensor to form an

(r1+ r2, s1+ s2)-tensor. Here is an example.Example 1.2: Let Ui
be the components of a vector in some coordinate system and let

Vjk be the components of a (0,2)-tensor in the same coordinate
system. Verify that

Tijk = UiVjk (1.30)

are the components of a (1,2)-tensor.

7
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Solution: By (1.30),

Tijk = UiVjk

=

AiaUa

BbjBckVbc

, by (1.26) and (1.28)

=Ai aBbjB

ckT

abc.

The components Tijk thus transform according to the law (1.29)
for the components of a(1,2)-tensor.

The Operation of Contraction:

The operation ofcontractionconverts an (r, s)-tensor into an (r
1, s 1)-tensor. Here isan example.

Example 1.3: LetKijk be the components of a (1,3)-tensor.
Define

Lj = K

i

ji , (1.31)

where the repeated index pair indicates summation over i from 1
to n, in accordance with

the Einstein summation convention. Verify that Lj are the
components of a (0,2)-tensor.

Solution: By definition of a tensor, the componentsKijk
transform according to

Kijk= AiaB

bjB

ckB

dK

abcd. (1.32)

Thus,

Lj =

K

i

ji , by (1.31)=AiaB

bjB

ciB

dK

abcd, by (1.32)

=caBbjB

dK

abcd, by (1.23)

=BbjBdK

abad

=BbjBdLbd

which is the transformation law for the components of a
(0,2)-tensor.

Exercise: LetTij be the components of a (1,1)-tensor. Show that
Tii is a scalar, i.e. that

Tii= Tii.
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The Operations of Raising and Lowering Indices:

The metric tensor gij can be used to obtain a new form of a
tensor by a process known as

raisingor loweringan index.

Example 1.4: Consider the (1,2)-tensor with componentsSjk.
Verify that

Sik = gijTj

k (1.33)

are the components of a (0,3)-tensor.

Solution: Define

Lmijk= gijSm

k.

Firstly, by the operation of multiplication, Lmijk form the
components of a (1,4)-tensor.

Then, the components Sik are given by the operation of
contraction,

Sik = Ljijk,

and hence form the components of a (0,3)-tensor.

Remark 1.4: When the metric tensor is used to lower an index as
in (1.33), it is customary

to use the same letter to denote the new tensor, i.e. we write
(1.33) as

Tik = gijTjk. (1.34)

We now introduce the contravariant metric tensor in order to
raise an index. The com-

ponents of the contravariant metric tensor are denoted g ij, and
are defined by the equation

gikgkj =ij (1.35)

in a given coordinate system {xi}. If we regard (gij) as
annnmatrix (ibeing the row,j thecolumn), then the corresponding
matrix (gij) is the matrix inverse of (gij), since (

ij) is the

identity matrix. The components of the contravariant metric
tensor in any other coordinate

system{xk}are defined using the (2,0)-tensor transformation law,
i.e.,

gij =AiaAjbg

ab.

It then follows that

gikgkj =ij (1.36)

which is consistent with (1.35). We leave the derivation of
(1.36) as an exercise.

As an example of raising an index, the equations

F ji =gjkFik (1.37)

convert the (0,2)-tensor with components Fik into the
(1,1)-tensor with components F ji .
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Terminology: We have seen that a tensor is a mathematical object
defined by giving an

array of components relative to a specific coordinate system.
The components of the tensor

relative to another coordinate system are defined by the
appropriate tensor transformation

law. When specifying a tensor we should write, for example:
LetTij be the components

of a tensor of type (2,0) relative to the coordinate system{xk}.
In practice, we will oftenwrite more briefly: Let Tij be a tensor
of type (2,0).

1.2 Differentiation of Tensors

1.2.1 The Covariant Derivative

Central to calculus is the idea of a derivative, and thus we
need to be able to differentiate

tensors.

Question: Do the partial derivatives of the components of a
tensor form a tensor?

To show that this is not the case, consider the array of partial
derivatives Vi

xj of a vectorVi. Under a change of coordinates (1.16),

Vi

xj =

xj

AiaVa

by (1.28)

=

xb

AiaVa xb

xj by the chain rule

=AiaBbj

Va

xb + AiabB

bjV

a, by the product rule, (1.18), and (1.21), (1.38)

where

Aiab=

2

x

i

xaxb .

Since the second term is not zero in general, the partial
derivatives Vi

xj do not form the

components of a tensor.

In order to remedy this deficiency, we are going to construct a
new type of derivative

operator called acovariant derivative, denoted by j . We require
that j has the followingproperties.

1)j is a linear operator,

2)

j satisfies the Leibniz (product) rule for derivatives,

3) ifTis a tensor of type (r, s), thenjTis a tensor of type (r,
s + 1), and

4) the covariant derivative of a scalar fis the gradient off

jf= fxj

.
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Remark 1.5: Properties 1) and 2) are essential for any operation
of differentiation. Property

3) is motivated by our goal to define a tensorial derivative,
while property 4) is reasonable

in view of property 3) and the fact that the gradient of a
scalar field is a covariant vector

(see (1.22)).

Covariant Derivative of a Vector:

We begin with the case of a vector Vi. Since the covariant
derivative is intended to be a

modified partial derivative and is required to be linear, we
consider an expression of the form

jVi = Vi

xj + ijkV

k. (1.39)

The functions ijk are called the connection coefficients. First
we will use the requirement

3) to determine how the ijk transform under a change of
coordinates.

Proposition 1.1: IfjVi is a tensor of type (1,1), then the
connection coefficients ijktransform according to

i

jk = Ai

aBb

jBc

ka

bc+ Ai

aBa

jk (1.40)where

Bajk = 2xa

xjxk.

Proof: We begin by interchanging barred and unbarred coordinates
in (1.28) and (1.38),

which gives

Vc =BckVk (1.41)

andVa

xb =A

d

bB

a

c

Vc

xd + A

c

bB

a

ck

V

k

. (1.42)The transformation law for a (1,1)-tensor applied tojVi
in equation (1.39) gives

Vi

xj +ijk V

k =AiaBbj

Va

xb + abcV

c

=AiaBbj

AdbB

ac

Vc

xd + AcbB

ackV

k + abcBckVk

, by (1.41) and (1.42)

=icdj

Vc

xd + cjA

iaB

ackV

k + AiaBbjB

ck

abcV

k, by (1.23)

=Vi

xj

+ AiaBbjB

ck

abcV

k + AiaBajk V

k.

Thus, ijk

AiaB

bjB

ck

abc+ A

iaB

ajk

Vk = 0.

Since this is true for any Vk, we obtain the desired
transformation law.

We will now use properties 2) and 4) to derive expressions for
the covariant derivative of

other types of tensors. We illustrate the method for two special
cases, which will establish

the general pattern.
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Covariant Derivative of a Covariant Vector:

jWi = Wixj kjiWk (1.43)

Derivation: By property 4),

j(V

iWi) =(ViWi)

x

j . (1.44)

We expand both sides of (1.44), using property 2) and the usual
product rule, to obtain

(jVi)Wi+ Vi(jWi) =

Vi

xj

Wi+ V

i

Wixj

.

Substitute forjVi from (1.39) and simplify:

VijWi Wi

xj

+ ijkV

kWi = 0. (1.45)

Relabel dummy indices:

ijkV

k

Wi= kjiV

i

Wk.Equation (1.45) becomes

VijWi

Wixj kjiWk

= 0.

SinceVi is arbitrary, we obtain (1.43).

Covariant Derivative of a (0,2)-Tensor:

kTij =Tij

xk

ikTj

jkTi (1.46)

Derivation: [Outline] Consider the scalar

TijViWj

whereVi andWj are arbitrary vectors. By applying properties 2)
and 4) and using equation

(1.39) forkVi andkWj, one obtains (1.46). The details are left
as an exercise.

Notation: In differential geometry, a comma and a semi-colon are
often used as shorthand

notations for a partial derivative and a covariant derivative,
respectively. For example,

jVi =Vi;j and Vi

xj =Vi,j , (1.47)

so that (1.39) can be written as

Vi;j =Vi,j+

ijkV

k.
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1.2.2 Christoffel Symbols

At this stage, the connection coefficients ijk are arbitrary
quantities, being restricted only

by the transformation law (1.40). One way to uniquely specify
the connection coefficients is

to impose two additional requirements.

1) Symmetry property:

ijk = ikj (1.48)

2) Metric-preserving property:

kgij = 0,or, equivalently,

gij;k= 0, (1.49)

in terms of the notation (1.47).

The second property implies that covariant differentiation
commutes with the operations of

raising and lowering indices. For example, if

Vi= gijVj ,

then

kVi= k

gijVj

=gijkVj + (kgij) Vj=gijkVj .

Proposition 1.2: If the connection coefficients ijk satisfy the
symmetry property (1.48)and the metric preserving property (1.49),
then

ijk = 12 g

i(gj,k + gk,j gkj,). (1.50)

Proof: Write out the three equations

gj;k = 0, gk;j = 0, and gkj;= 0, (1.51)

in full, using the definition of covariant differentiation, form
their sum, multiply by g i, anduse the symmetry property. The
desired result (1.50) follows.

Exercise: Verify the derivation of (1.50), starting with
(1.51).

The connection coefficients defined by (1.50) are called the
Christoffel symbols of the

second kind.
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Example 1.5: Show that for the Euclidean metric tensor in En,
ijk = 0 relative to

Cartesian coordinates.

Solution: The line-element is

ds2 =ijdxidxj.

That is, gij =ij. Thus, gij,k= 0 and from (1.50) we have ijk =
0.

Example 1.6: Show that for the Euclidean metric tensor in E2,
the non-zero Christoffel

symbols relative to polar coordinates (x1, x2) = (r, ) are

122= x1 and 212 = 221= 1x1

. (1.52)

Solution: From equation (1.11), we know that

(gij

) = 1 00 (x1)2

.It follows from (1.35) that

(gij) =

1 0

0 (x1)2

.

The only non-zero partial derivative of the components of the
metric tensor is

g22,1 = 2x1.

The non-zero Christoffel symbols follow from the formula
(1.50).

Example 1.7: Show that

(Vi) =

1

0

(1.53)

relative to Cartesian coordinates is a vector field with zero
covariant derivative,

Vi;j = 0. (1.54)

Solution: The desired result follows from (1.39) since

ijk = 0 and Vi,j = 0.

Exercise: Show that the vector field (1.53) has components

(Vi) =

cos x2

sin x2x1

(1.55)
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relative to polar coordinates (x1, x2) = (r, ). Using the
Christoffel symbols from equa-

tion (1.52), show that

Vi;j = 0 (1.56)

relative to polar coordinates.

Remark 1.6: The result (1.56) follows directly from (1.54) and
the tensor transformation

law, but it is not obvious from simply inspecting (1.55).

1.3 Differential Geometry in a Riemannian Space

In this section we introduce the notion of an n-dimensional
Riemannian spaceVn, i.e. a set

with the following properties:

1) the points ofVn are labelled by n coordinates{xi}ni=1,

2) two different systems of coordinates {xi

}ni=1and {x

i

}ni=1are related by equations of the

form

xi = xi(xj),

and

3) there is a concept of distance along a curve joining two
points, defined by a metric

tensor.

The simplest example of a Riemannian space is a surface embedded
in E3, for example the

surface of a sphere, which we will now discuss.

1.3.1 A Surface as a 2-D Riemannian Space

Recall (AMATH 231) that a surface in E3 can be described by a
vector equation

X= G(x1, x2), (1.57)

where X = (X1, X2, X3) are Cartesian coordinates, xi (i= 1, 2)
are parameters that label

points on the surface, and G is a function that maps E2 E3.The
Euclidean metric tensor in E3 gives rise to a metric tensor gij on
the surface V

2 as

follows. Consider a curveC on the surface, given byxi =xi(), [a,
b]. (1.58)

This curve can equally well be thought of as a curve in E3
described by substituting (1.58)

in (1.57):

X= G(xi()).
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Figure 1.1: A surface as a function of two parameters.

By the chain rule, the tangent vector of this curve is

dX

d =

dxi

d

G

xi

where summation occurs over i = 1, 2. In terms of the metric in
E3, the square of the

magnitude of dXd isdX

ddX

d =

G

xiG

xjdxi

d

dxj

d . (1.59)We now introduce the notation

gij =G

xi G

xj (i, j= 1, 2), (1.60)

so that (1.59) assumes the form

dX

d dX

d =gij

dxi

d

dxj

d .

The functionsgij , as defined by (1.60), are the components of
the metric tensor of the surface

V2 relative to the coordinate system{

xi

}.

Remark 1.7: Equation (1.60), giving the components of the metric
tensor on a surfaceV2

relative to arbitrary coordinates xi on V2, should be compared
with equation (1.8) giving

the components of the Euclidean metric tensor on E2 relative to
arbitrary coordinates. Note

that the functionsF and G have different ranges, i.e. F: E2 E2,
whileG : E2 E3. Thecommon feature is that (gij) is a symmetric,
positive definite 2 2 matrix.2

2A matrix C is positive definite ifu = 0 = uTCu> 0.
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As in E2, we can specify the metric tensor on V2 by giving the
line-element

ds2 =gijdxidxj, i, j= 1, 2.

Example 1.8: Derive the metric tensor and line-element for the
2-sphere of radius b,

denoted byS2, relative to spherical coordinates (, ) on S2.

Solution: ForS2,X = G(x) is given by

X1X2

X3

=

b sin cos b sin sin

b cos

,

where (X1, X2, X3) are Cartesian coordinates and (x1, x2) = (, )
are spherical coordinates

on the sphere. The coordinate tangent vectors are

Gx1

=b cos cos b cos sin

b sin and G

x2 =b sin sin b sin cos

0

.Using (1.60), the components of the metric tensor are given
by

(gij) =

b2 0

0 b2 sin2

.

The line-element is thus

ds2 =b2(d2 + sin2d2). (1.61)

Remark 1.8: Note that this expression can be derived directly
from the line element (1.12)

in E3 by setting r = b, which implies that dr= 0.

1.3.2 n-Dimensional Riemannian Space Vn

A Riemannian spaceVn is a space whose points are described by
coordinates xi (i= 1, . . . , n)

on which there is defined a notion of distance given by a metric
tensor with components gijrelative to this coordinate system. As in
En, the metric tensor components can be specified

by giving the line element

ds2 =gijdxidxj

where summation occurs over i, j = 1, . . . , n.

The metric tensor defines a notion of distance along a curve in
Vn. IfC is a curve, definedby

xi =xi(), 1 2,
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the distance salongC iss=

21

gij

dxi

d

dxj

d d.

Equivalently, the rate of change of distance swith respect to
time is

ds

d =

gijdxi

d

dxj

d . (1.62)

If we use arclength as the parameter, i.e. =s, then (1.62)
yields

gijdxi

d

dxj

d = 1,

i.e. the tangent vector is a unit vector.

The whole machinery of tensor algebra and covariant
differentiation of tensors in En, as

developed in Sections 1.1 and 1.2, can be used in the more
general setting of a Riemannian

spaceVn. In particular, under a coordinate transformation

xj = xj(xi),

the components of the metric tensor transform according to

gij =BaiB

bjgab. (1.63)

As in En, there is a contravariant metric tensor with components
g ij that satisfy (1.35). We

can use g ij and gij to raise and lower indices on tensors as in
equations (1.34) and (1.37).

Remarks 1.9:

(i) It is assumed that the components gij of the metric tensor
relative to the coordinate

system{xi} form a symmetric, positive definite n n matrix. It
follows from (1.63)that the components gij have the same
property.

(ii) One important example of an n-dimensional Riemannian space
is a hypersurface Vn

embedded in En+1, defined by an equation that generalizes
(1.57):

X= G(x1, . . . , xn).

The metric tensor in En+1 induces a metric tensor on the
hypersurface Vn, given by

gij =G

xi G

xj (i, j= 1, . . . , n), (1.64)

which generalizes (1.60).

We now give an example of a metric tensor on a 3-D Riemannian
space embedded in E4,

that is of interest in cosmology.
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Example 1.9: A 3-sphereS3 of radiusb can be viewed as a
hypersurface embedded in E4,

given in Cartesian coordinates (X1, X2, X3, X4) = (W,X,Y,Z)
by

W2 + X2 + Y2 + Z2 =b2.

The 3-sphere can be defined by the equations

W

X

Y

Z

=

b sin sin sin

b sin sin cos

b sin cos

b cos

, (1.65)

where 0 , 0 2, and 0 . Find the components of the metric tensor
onS3 induced by the Euclidean metric in E4 relative to the
coordinates (x1, x2, x3) = (,,).

Solution: The functionX= G(x) is given by (1.65). The coordinate
tangent vectors are

G

x1 =

b cos sin sin b cos sin cos

b cos cos

b sin

, Gx2 =

b sin cos sin b sin cos cos

b sin sin 0

,

and G

x3 =

b sin sin cos

b sin sin sin 0

0

.

By equation (1.64), the components of the metric tensor are
given by

(gij) =

G

xi G

xj

=

b2 0 00 b2 sin2 0

0 0 b2 sin2 sin2

.

Thus the line-element has the form

ds2 =b2[d2 + sin2 (d2 + sin2 d2)]. (1.66)

1.3.3 The Riemann Curvature Tensor

We know that in En, one can introduce coordinates Xi (i.e.
Cartesian coordinates) such

that the metric tensor has components

gij =ij .
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Equivalently the line-element has the form

ds2 =ijdXidXj = (dX1)2 + . . . + (dXn)2.

In contrast, in a Riemannian space Vn it is not possible in
general to introduce coordinates

with this property. For example, we have seen that the metric
tensor in E2 can be written

ds2 =dr2 + r2d2 =dX2 + dY2.

On the other hand, for the metric tensor on the 2-sphere S2, as
given by (1.61),

ds2 =b2(d2 + sin2 d2),

it is not possible to find coordinates X, Y such that

ds2 =dX2 + dY2.

(Any attempt to do so leads to a contradiction.)

It is natural to ask: given a metric tensor

ds2 =gijdxidxj, (1.67)

is there a tensor restriction which, when satisfied, ensures
that the given metric tensor can

be written in the form

ds2 =ijdXidXj? (1.68)

We reach this goal by associating with a metric tensor a
(1,3)-tensor Rijk, called theRiemann

curvature tensor, with the property that ifRijk = 0, then a
metric (1.67) can be transformed

into the Euclidean form (1.68). We will see that this tensor
also describes the curvature of

the Riemannian space Vn (hence its name). For example, we will
show that for a 2-sphere

S2, Rijk= 0, corresponding to the fact that a 2-sphere is
curved, whereas for a plane E2,Rijk= 0, corresponding to the fact
that it is flat i.e. has zero curvature.

3

We arrive at the definition of the Riemann curvature tensor by
considering second co-

variant derivatives. We know that partial derivatives commute,
for example

T,mn T,nm = 0,

using the comma notation for partial derivatives, i.e.

T,mn = 2

Txnxm

.

We now show that covariant derivatives do not commute in
general, by calculating

T;mn T;nm, (1.69)3A sphere is intrinsically different from a
plane in that a piece of a sphere cannot be flattened onto a

plane without stretching.
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where we are using the semi-colon notation

T;mn= nmT.

From (1.46),

T;mn = (T;m),n

pnTp;m

pmnT;p

= (T,m qmTq),n pn(Tp,m qpmTq) pmnT;p by (1.43)=T,mn pmnT;p
(pmTp,n+ pnTp,m) qm,nTq+ pnqpmTq, (1.70)

after using the product rule for partial derivatives and
rearranging the terms. Observe that

the first two terms and the bracketed term in (1.70) are
symmetric in m and n. Form the

difference (1.69), and after cancelling the symmetric terms we
obtain

T;mn T;nm= RqmnTq, (1.71)

where

Rqmn= qn,m qm,n+ pnqpm pmqpn (1.72)

is called the Riemann curvature tensor.

Remark 1.10: It is important to note that the components of the
Riemann curvature tensor

depend on the metric tensorgij and its first and second partial
derivatives gij,k andgij,k as

follows from the definition (1.50) of the Christoffel
symbols.

We can now answer the question posed in equations (1.67) and
(1.68).

Proposition 1.3: LetVn be a Riemannian space with metric tensor
gij relative to coordi-

natesxi. IfRijk= 0, then there do not exist coordinates xi such
that

gijdxidxj =ijdx

idxj .

Proof: We give a proof by contradiction. Suppose coordinates xi
exist such that

gij =ij .

Then by (1.50), ijk = 0 and hence by the definition (1.72), Rijk
= 0. It follows from the

transformation law that Rijk= 0, a contradiction.

Proposition 1.4: LetVn be a Riemannian space with metric tensor
gij. IfRijk= 0, then

there exists coordinates xi such that

gij =ij .

Proof: The proof is beyond the scope of this introduction.
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Remark 1.11: IfRijk = 0, then we can regard the Riemannian space
Vn as being locally

equivalent to Euclidean space En, in the sense that its
intrinsic geometry is the same as En.

To illustrate the need for the word locally, we mention that a
cylindrical surface in E3

is locally flat (i.e. Rijk = 0). This fact can be verified
geometrically by observing that a

piece of a cylinder can be rolled flat onto a plane without
stretching the surface i.e. without

changing distances. One can also verify this analytically (see
the following example).

Exercise: Verify that the metric of a cylinder of radiusb,

x2 + y2 =b2,

in E3 is given by

ds2 =b2d2 + dz2,

relative to cylindrical coordinates (, z) on the cylinder. Hence
verify that the Riemann

curvature tensor is zero.

Symmetry Properties:

The Riemann curvature tensor has a number of symmetry properties
that significantly reduce

its number of independent components. Firstly, Rijk is
antisymmetric in its last two indices

Rijk= Rijk . (1.73)Secondly,Rijk has a cyclic symmetry in its
covariant indices

Rijk + Rikj + R

ijk = 0. (1.74)

These identities follow directly from the definition (1.72)
(exercise). The fully covariant

Riemann tensor has an additional symmetry,

Rijk = Rkij . (1.75)

The derivation of this identity involves lengthy manipulations
with the Christoffel symbols

and is omitted (ref: Synge and Schild 1978, p. 85). Finally,
lowering the index in (1.73) and

using (1.75) leads to

Rijk= Rjik . (1.76)It can be shown using (1.73), (1.74), (1.75),
and (1.76), in conjunction with combinatorial

arguments,4 that the number of independent components ofRijk
is

N(n) = n2(n2 1)12

.

Note in particular that N(2) = 1, which we will make use of in
Section 1.3.4

4Note that equations (1.73) and (1.74) immediately imply the
corresponding symmetry properties for

Rijk i.e.

Rijk = Rijk and Rijk+ Rikj+ Rijk = 0.
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Ricci and Einstein Tensors:

TheRicci tensoris defined by

Rj = Riji . (1.77)

Performing a second contraction gives theRicci scalar,

R= gij

Rij. (1.78)

We can now define the Einstein tensor, which plays a fundamental
role in general relativity:

Gij =Rij 12 Rgij.It follows from (1.75) thatRij is a symmetric
tensor,

Rij =Rji ,

and hence so is the Einstein tensor.

Bianchi Identities:

The Riemann tensor also satisfies an identity involving
differentiation, called the Bianchi

identity:

Rijk;m+ Rijm;k+ Rijmk; = 0 (1.79)

The derivation of this identity involves lengthy manipulations
with the Christoffel symbols

and is omitted (ref: Synge and Schild 1978, p. 87).

The Bianchi identity leads to an identity involving the Einstein
tensor, that is of impor-

tance in general relativity.

Proposition 1.5: The Einstein tensor Gij satisfies

Gij;i= 0. (1.80)

Proof: Multiply (1.79) bygigjk and use the definitions (1.77)
and (1.78) and the symmetry

property (1.73). One obtains R;m 2Rim;i = 0 which is equivalent
to (1.80).

1.3.4 Curvature of a 2-D Riemannian Space

In a 2-D Riemannian space the curvature tensor has only one
independent component,R1212since

R2112 = R1212, R2121 =R1212, and R1221 = R1212and the remaining
components are identically zero. We can thus describe Rijk by a
single

functionK, which we define by writing

R1212 = K(g11g22 g12g12). (1.81)
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We now claim that all the components ofRijk are given by

Rijk= K(gikgj gigjk). (1.82)To verify (1.82) consider the
tensor

Gijk= gikgj

gigjk .

It follows (exercise) that Gijk has all the symmetry properties
(1.75) and (1.76) ofRijk.

Thus since (1.82) is valid for the one independent, non-zero
R1212 by (1.81), it will hold for

all non-zero components. Likewise, Gijkhas the same zero
components asRijk. Thus (1.82)

is valid for all components. The scalarK in (1.82) is called the
Gaussian curvature ofV2.

Note that (1.81) can be written in the form

R1212 = Kg, g= det(gij).

If the metric components satisfy g12 = 0 relative to some
coordinate system (called an

orthogonal coordinate system), then there is a simple formula
for K:

K= 12

g

x1

1

g

g22x1

+

x2

1

g

g11x2

. (1.83)

This formula can be derived by specializing the definition
(1.72) ofRijk to the case n= 2

and writing the Christoffel symbols in terms of the metric
components and their partial

derivatives. It is clear thatthe Gaussian curvature depends on
the metric tensor components

and on their first and second partial derivatives.

Example 1.10: Show that the Gaussian curvature of a 2-sphereS2
of radiusbis

K=

1

b2 .

Solution: Relative to spherical coordinates (, ), the metric on
S2 is given by (1.61):

ds2 =b2(d2 + sin2 d2).

Labelling (x1, x2) = (, ) we have

g11 = b2, g22 = b

2sin2, and g= b4sin2.

The desired result follows quickly from (1.83).

Example 1.11: Calculate the Gaussian curvatureKof a torus.
Determine at what points

Kis a maximum and a minimum.

Solution: To generate a torus, rotate a circle of radiusa, lying
in the xz-plane, with centre

x= b, z= 0 (b > a), about the zaxis. The angle, 0 2, that
describes the rotationis measured from the y-axis.
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01

01

x

(b+ a cos , a sin )

(b, 0)

z

(x b)2 + z2 =a2

Figure 1.2: Coordinates for a torus.

The torus is then given byX = G(x), whereX1X2

X3

=

(b + a cos )cos (b+ a cos )sin

a sin

,

where (x1, x2) = (, ) andb > a. The coordinate tangent
vectors are

G

x1 =

a sin cos a sin sin

a cos

and G

x2 =

(b+ a cos )sin (b+ a cos )cos

0

.

The components of the metric tensor are

(gij) =

F

xi F

xj

=

a2 0

0 (b + a cos )2

.

The line-element is thus

ds2 =a2d2 + (b + a cos )2d2.

It follows from (1.81) that

K= cos

a(b+ a cos ). (1.84)

By inspection, the maximum K occurs when cos = 1 and the minimum
occurs when

cos = 1, i.e.Kmax=

1

a(b+ a) and Kmin= 1

a(b a) .
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directional derivative along a curve in En.

Absolute Derivative of a Vector:

Definition 1.1: LetVi be a vector field in a Riemannian space Vn
and letC :xi =xi()be a curve. The absolute derivative of the vector
field along the curve is defined by

DVi

D =Vi;j

dxj

d =

Vi,j+ ijkV

k dxj

d . (1.85)

Remarks 1.13:

(i) Since Vi;j is a tensor and dxj

d is a vector, it follows from the definition that DVi

D is a

vector (contraction of tensors).

(ii) The absolute derivative of an arbitrary tensor field is
defined in an analogous fashion

D()D

= ();j dxj

d . (1.86)

For a scalar field f,Df

D =f,j

dxj

d ,

which in E3 is the familiar directional derivative.

(iii) If we regard the vector field Vi(xj) as defining a vector
at each point of the curve

xi =xi(), i.e.

Vi() =Vi(xj()),

thendVi

d =Vi,j

dxj

d . (1.87)

It follows from (1.85) and (1.87) and using the formula (1.39)
for the covariant derivative

thatDVi

D =

dVi

d + ijkV

j dxk

d . (1.88)

The Geodesic Equations:

In Euclidean space En, a curve joining two points P and Q has
the shortest length if and

only if it is a straight line. In differential geometry, a curve
of shortest length joining two

points is called a geodesic. To extend the notion of a geodesic
to a Riemannian spaceVn,

we need to characterize a geodesic in En in a way that can be
generalized to Vn.
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In En, a straight line (a geodesic) has constant unit tangent
vector. Thus, relative to

Cartesian coordinates we haved

d

dXi

d

= 0.

Relative to arbitrary coordinates, the fact that the tangent
vector is constant is expressed

using the absolute derivative:

DD

dxid

= 0.

We can now define a geodesic in a Riemannian space Vn.

Definition 1.2: Ageodesicin a Riemannian spaceVn is a curve C :
xi =xi() that satisfiesD

D

dxi

d

= 0, (1.89)

i.e. its tangent vector is constant along the curve.

Remarks 1.14:

(i) It follows from (1.89) that

gijdxi

d

dxj

d =C,

whereCis a constant (exercise, using (1.86) applied togij). If
we use arclength as the

parameter then

gijdxi

d

dxj

d = 1. (1.90)

(See section 1.3.2.)

(ii) If we use the detailed expression (1.88) for the absolute
derivative, equation (1.89)

readsd2xi

d2 + ijk

dxj

d

dxk

d = 0, (1.91)

which we shall refer to as the geodesic equation. The geodesic
equation is a system of

second order, nonlinear DEs for the curve xi().

The following result is of importance in general relativity
because as we shall see, geodesics

describe the motion of particles under the influence of
gravity.

Proposition 1.6: (Uniqueness property of geodesics) Given a
point inVn with coordinates

xi

0 and a unit vectorTi

at this point, there is exactly one geodesic xi

() that passes throughthe point in the direction of the unit
vector, i.e. that satisfies

xi(0) =xi0 and dxi

d(0) =Ti. (1.92)

Proof: Equation (1.92) provides initial conditions for the
geodesic equations (1.91). Hence

the result follows from the existence-uniqueness theorem for
second order ODEs.
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Example 1.12: Agreat circleon a sphereS2 is a circle on the
sphere whose centre coincides

with the centre of the sphere. Show that great circles are
geodesics on the sphere.

Solution: Given a great circle, we can choose the usual angular
coordinates and so that

the great circle passes through the north and south poles. The
great circle is then given by

= const.

We now show that= const satisfies the geodesic equations, and
that the equations deter-

mine how depends on.

The line-element for the 2-sphere of radius b is given by
equation (1.61):

ds2 =b2(d2 + sin2 d2).

The contravariant metric tensor components are given by

(gij) = 1

b2 1 0

0 csc2

.

Labelling the coordinates (x1, x2) = (, ), the only non-zero
partial derivative of the com-

ponents of the metric tensor is

g22,1 = 2b2 sin cos .

The non-zero Christoffel symbols follow from equation
(1.50):

122= sin cos and 212= 221 = cot .

The geodesic equation (1.91) now yields

sin cos 2 = 0 (1.93) + 2 cot = 0, (1.94)

and the normalization condition (1.90) is

2 + sin2 2 = 1

b2. (1.95)

For the great circle = const, we have = 0 and = 0, so that
(1.94) is satisfied.

Equation (1.93) gives = 0 i.e.

() =C1+ C2.

The condition (1.95) gives C1= 1b and imposing the initial
condition (0) = 0 gives C2 = 0.

In summary, the great circle = const and = b satisfies the
geodesic equation.

Exercise: Given a great circle on the 2-sphere one can choose
coordinates, such that

the great circle is the equator. Verify that with this choice
the geodesic equations (1.93) and

(1.94) are satisfied.
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1.4.2 Geodesics and Curvature

Geodesics in Euclidean space En are straight lines. This implies
that the geodesics that

emanate from one point diverge linearly and never intersect
again. The geodesics on the

2-sphere S2 behave quite differently, due to the fact that S2
has non-zero curvature. In

particular the geodesics (the great circles) that emanate from
one point on the sphere, say

the North Pole, initially diverge, but are then refocussed and
intersect again at the SouthPole.

The influence of the curvature on the separation of neighbouring
geodesics is described

by the so-called equation of geodesic deviation, which we now
derive.

The Equation of Geodesic Deviation:

0011

xi

xi

=const (geodesics)

=const

Figure 1.4: A 1-parameter family of geodesics xj =xj(, ).

We wish to describe how neighbouring geodesics deviate from one
another. Consider a

1-parameter family of geodesics defined by

xj =xj(, )

where is the arclength along each geodesic and labels geodesics.
Assume that the

parameters are chosen so that xi

and x

j

are orthogonal, i.e.

gijxi

xj

= 0. (1.96)
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In this situation, the geodesic equation (1.91) gives

D

D

xi

= 0, (1.97)

for a fixed value of. We also have

D

Dxi

=

D

Dxi

(1.98)

which follows from the definition (1.85) of absolute derivative
and the symmetry of ijk(verify). Furthermore, one can use the
commutation relation (1.71) to show that

D2Vi

DD D

2Vi

DD =RijkV

j xk

x

(1.99)

(see the exercise to follow). Then

D2

D2

xi

=

D

D

D

D

xi

= DD

DD

xi

by (1.98)

= D

D

D

D

xi

+ Rijk

xj

xk

x

,

the last step following from (1.99) with Vi = xi

. Finally, using (1.97), we arrive at the

equation of geodesic deviation

D2

D2

xi

Rijk

xj

xk

x

= 0. (1.100)

The vector xi

describes how the separation between neighbouring geodesics
changes alongthe geodesics, showing how the curvature ofVn,
described byRijk, influences the geodesics

inVn.

Exercise: Derive equation (1.99) by following the steps
below.

(i) Raise the index in (1.71) and rearrange using (1.76) to
obtain

Vi;k Vi;k = RijkVj . (1.101)

(ii) Use the definition (1.85) to show that

D2

Vi

DD = D

D

Vi;x

=Vi;k x

x

k

+ Vi; D

D

x

.

(iii) Use (ii) in conjunction with (1.101) and (1.98) to
calculate the difference

D2Vi

DD D

2Vi

DD,

leading directly to (1.99).
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We now discuss the geometrical significance of the equation of
geodesic deviation. Con-

sider a 1-parameter family of geodesics

xj =xj(, )

and let

i =xi

(1.102)

for two neighbouring geodesics. The vector i is called the
connecting vector. The equation

xi

= 0

=0+

connecting vector i = xi

Figure 1.5: The connecting vector.

of geodesic deviation givesD2i

D2Rijk

xj

xk

= 0. (1.103)

In a two-dimensional Riemannian space V2, it follows from
(1.82), (1.96), and (1.102)

that (1.103) simplifies to

D2i

D2 + Ki = 0, (1.104)

where K is the Gaussian curvature.

In order to get information from this DE, we need to convert it
to a scalar DE. Let Vi

be a vector field that satisfiesDVi

D = 0. (1.105)

The scalar field defined by

= gijVij

then is a measure of the separation between neighbouring
geodesics. It follows from (1.104)and (1.105) that satisfies the
scalar DE

d2

d2+ K= 0.
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IfK is constant, i.e. the space has constant curvature, this DE
can be solved explicitly in

the three cases K >0, K= 0, and K 0

A, ifK= 0

A sinh

K , ifK 0 K 0), this result confirms the conclusion that we
reached

earlier, namely that two geodesics through a point Pinitially
separate but are then refocussed

together and intersect again at the diametrically opposite
point. Note that for a sphere of

radius b, the Gaussian curvature K is K = 1b2

, implying that if two geodesics intersect at

= 0, they intersect again at =b, i.e. after a distance of
one-half of the circumference.

For a surface of constant negative curvature, equation (1.106)
implies that the separation

between neighbouring geodesics grows more rapidly than linearly,
and that refocussing does

not occur.

The equation of geodesic deviation is of fundamental importance
in general relativity. In

general relativity, the Einstein field equations relate matter
and energy to the curvature of

four-dimensional spacetime. The world-lines of free particles
are postulated to be geodesics

of spacetime, i.e. the geodesic equations are the equations of
motion. If the distance betweentwo nearby geodesics decreases, it
appears that there is an attractive force acting between

the two particles whose world-lines in spacetime are described
by those geodesics. In this

way, general relativity gives a mathematical description of
gravity.
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1.5 Looking Ahead: Why Tensors?

Tensor calculus has been in use for more than a century, having
been developed by the

mathematicians Riemann, Ricci, and Levi-Civita, among others. It
is one of the tools for

studying the geometry of surfaces in E3, or more generally, of
n-dimensional Riemannian

spaces. Einstein learned about tensor calculus from a colleague,
the Swiss mathematician

Marcel Grossman, and in time realized that it would provide the
mathematical frameworkfor extending his theory of special
relativity to incorporate gravity. Thus was born the theory

of general relativity in 1916.

The tensor transformation law ensures that any tensor has the
following property: if

all the components of the tensor are zero in one coordinate
system then they are zero in

any coordinate system. This property enables us to use tensors
to describe physical and

geometrical quantities in a way that is independent of the
choice of coordinates. For example,

we have seen that the Riemann tensor,Rijk , describes the
curvature of a Riemannian space

Vn. IfVn = En, then the components Rijk are zero in any
coordinate system as well they

should be, since curvature is not introduced by changing
coordinates. As a second example,

in continuum mechanics, the stresses in an elastic medium are
represented by a symmetric

tensorij in E3. Again, the existence of stresses does not depend
on the choice of coordinates,

leading to the need for a tensor representation. As a third
example, in Einsteins theory of

special relativity an electromagnetic field is described by an
antisymmetric tensor Fij in

four-dimensional spacetime.

It should be kept in mind that the values ofthe components of a
tensor do depend on the

coordinate system. For this reason, one is interested in scalars
formed from tensors by the

operations of multiplication, raising and lowering indices, and
contraction, since the value

of a scalar at a point is independent of the coordinates used.
Thus, for example, one forms

scalars such asRijkR

ijk or FijFij.

In addition to representing physical and geometrical quantities,
tensors are also essential

for formulating the laws of physics, since these laws should not
depend on which coordinates

one decides to use. As a first example, we shall see that the
Einstein field equations in

general relativity have the tensorial form

Gij =Tij ,

whereGij is the Einstein tensor in four-dimensional spacetime
andTij is the so-calledenergy-

momentum tensor, that describes the distribution of energy and
momentum. As a secondexample, in spacetime Maxwells equations have
the tensorial form

Fab;b= 0,

Fab;c+ Fbc;a+ Fca;b= 0,

in a region free of charge and current, where Fab is the
electromagnetic field tensor and Fab

is its contravariant counterpart.
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Spacetime and Lorentzian Metrics:

One additional mathematical idea is needed before we can
formulate general relativity,

namely the idea of a Lorentzian metric, in contrast to a
Riemannian metric. A Riemannian

metric is defined on a space in which all coordinates are viewed
as spatial. A Lorentzian

metric is defined on spacetime, a four-dimensional set in which
three coordinates, labelled

x,y,z, are spatial and one, labelled t, represents time. A
Riemannian metric gij is requiredto be positive definite (as a
matrix, its eigenvalues are positive). A Lorentzian metric gijis
not positive definite.5 Instead, it has three positive eigenvalues
associated with the three

spatial coordinates and one negative eigenvalue associated with
the time coordinate. For

example, the line-element for the Euclidean metric in E3 (a
Riemannian metric) has the

form

ds2 =dx2 + dy2 + dz2,

while the line-element for the Lorentzian metric in flat
spacetime, called Minkowski spacetime

M4, is

ds

2

= c2

dt

2

+ dx

2

+dy

2

+ dz

2

,where c is the speed of light in vacuo. One of the main goals
of the next chapter is to show

that the special theory of relativity is based on a Lorentzian
metric.

5It is important to note, however, that the results of tensor
analysis and differential geometry that we

have developed for Riemannian metrics also hold for Lorentzian
metrics.
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Chapter 2Special Relativity Theory &

Lorentzian Metrics

In this chapter we introduce the basic postulates of Special
Relativity Theory, and show how

they lead to the well-known Lorentz transformation. We then
formulate the theory withinthe framework of space-time, as first
done by H. Minkowski in 19??, and show how the

notion of a Lorentzian metric tensor arises. In this way, we lay
the foundations for Einsteins

General Theory of Relativity.

2.1 The Relativity Principle & Light Propagation

2.1.1 Inertial frames

A frame of referenceis a standard of rest relative to which
measurements can be made and

experiments described. A frame of reference is said to be an
inertial frameif a free particle

which is initially at rest remains at rest, and one which is
initially in motion continues its

motion without change in velocity (i.e. Newtons first law holds
relative to the frame). Note

that a free particle is one which is not acted on by any forces
except gravity. Here are some

examples of inertial frames.

i) A space-ship outside the solar system moving with constant
velocity relative to the

fixed stars.

ii) A freely-falling space-ship in the earths gravitational
field. This frame of reference

should strictly speaking be called a local inertial frame, since
the spatial extent of thespace-ship cannot be too large and the
duration in time cannot be too large.

iii) An earthbound laboratory is not an inertial frame, but for
experiments of very short

duration, it can be regarded as one.1

1See Taylor and Wheeler, (1972) p. 73, #31.
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Newtonian mechanics is based on the following principle.

Newtons Relativity Principle:

Two inertial frames moving with constant relative velocity
cannot be distin-

guished by any mechanical experiment.

2.1.2 Light Propagation:

The propagation of light plays an essential role in relativity
(e.g. distances can be measured

using light signals). From everyday experience, we know that
light travels with an extremely

high speed, which has been determined to be approximately c = 3
108m sec1.But to what frame of reference does this speedc refer?
Maxwells theory says that light

is a wave phenomenon. And like other types of waves, its speed
of propagation (relative to

some frame of reference) is experimentally found to be
independent of the speed of the source

(e.g. observations of binary star systems, see Resnick (1968) p.
27). All other types of waves

propagate in some material medium (e.g. sound waves in air). So
people postulated theexistence of a medium, called the ether in
which light propagated, and c was the speed of

light relative to the ether. This means light would have a
different speed relative to different

inertial frames.

In 1887, Michelson & Morley attempted to detect the presence
of the ether by measuring

the speed of the earth relative to the ether along parts of its
orbit, the earth would have to

be moving relative to the ether. They used an optical
interferometer 2 to obtain the necessary

accuracy, but no effect was measured, then or in subsequent
experiments.

This null result essentially forces one to abandon the ether
concept, and suggests that

experiments with light will not distinguish inertial frames in
uniform relative motion (in a

vacuum), and leads to the following postulates.

Einsteins Relativity Principle:

Two inertial frames moving with constant relative velocity
cannot be distin-

guished by any physical experiment.

The second postulate that one is led to make (and which is
certainly compatible with

Einsteins Relativity Principle) is

Constancy of the Speed of Light:

The speed of light in vacuum has the same value c relative to
all inertial frames.

2The idea of the experiment was analogous to using measurements
of the speed of sound emitted by a

source to detect the motion of the source relative to the
air.
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2.1.3 Events and Spacetime

The most basic concept in relativity is that of an eventi.e. any
occurrence idealized to take

place at a single point in space at a single instant in
time.

e.g. decay of an elementary particle [laboratory scale]

impact of a meteorite on earth [solar system scale]

start of a supernova explosion [galactic scale]

Spacetime is defined to be the set of all events (relevant to
the physical situation under

discussion).

Experience on earth and in the solar system tells us that four
numbers (coordinates)

are needed to specify an event (three space coordinates and one
time coordinate). Hence

spacetime is assumed to be a four-dimensional differentiable
manifold.3 The existence of a

particle (or an observer) in spacetime is described by an
infinite sequence of events, which we

assume to form a smooth curve (unless a collision occurs) called
the worldline of the particle.

These then are the basic concepts in relativity theory. In
addition, we will find that the

propagation of light signals lead one to define a Lorentzian
metric tensorin spacetime.

As regards units, we will use the second as the unit of time,
and we will take advantage

of the constancy of the speed of light c to choose the unit of
length so that

c= 1.

Distances (at least in all the theory) will then be measured in
seconds, for example, the

distance from the earth to the moon is 1.3 secs., meaning: a
light signal will take 1.3 secs.

to travel from the earth to the moon. In addition, velocities
and speeds are dimensionless,

for example, the speed of an astronaut circling the earth (
18,000 mph) is .000026 (as afraction of the speed of light).

Let us now consider how a single observerO, at rest in some
inertial frame, assignscoordinates to events using light signals
(radar) and a standard clock. For simplicity, we

initally consider events in a single spatial direction, and so
only two coordinates x, twill be

needed.

Firstly,O assignsx= 0 to the event making up his worldline.
LetPbe any other eventin the specified spatial direction. We can
think ofPas being an event on the worldline of

some other observer.O

sends out a radar pulse (light signal) so that it reaches the
event

P, and is there reflected back to him. Lett1, t2 be the emission
and reception times of the

signal as measured byOs clock. Since the outward and return
speeds of the signal are thesame (constancy of the speed of
light),O assigns a distanceof 12 (t2 t1) secs. and a time

3A four-dimensional differentiable manifold is essentially a set
that can be coordinated using four real

numbers.
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of 12 (t2+ t1) secs. to the event P. Hence,O will assign
coordinates (xP, tP) to the event P,where

xP = 12 (t2 t1) tP = 12 (t2+ t1) (2.1)The sign in the equation
for xPcorresponds to the fact that we are permittingO to aimhis
radar in two diametrically opposite directions: xPis positive for
events in one direction,

and negative for events in the other direction.

Convention:

We agree to representx, t as Cartesian coordinates in the plane,
and can then draw the

worldlines of various particles and observers, as in Figure
2.1

WL of an observer havingconstant velocity relative to O

signal from OO1 receives light

emitted byO (or byO2)WL of a light signal

straight line of slope 1

WL of an observer havingzero velocity relative to O

O3 is instantaneouslyat rest relative to O

WL of an observeraccelerating relativetoO

O3

OO1

t

O2 passes O

O2 passes O1

O2

Figure 2.1: A two-dimensional spacetime diagram
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2.2 The Lorentz Transformation

In this section we derive the relation between the coordinates
assigned by two observersOandO at rest in two inertial frames
moving with constant relative velocity v. This relationis called
the special4 Lorentz transformation.

2.2.1 Light Propagation and the k-factor

In order to proceed further we need the following postulate:

Maximality of the Speed of Light:

In vacuum, the speed of any material particle (and hence of any
observer) relative to any

inertial frame is always less than the speed of light.5

Consider two inertial observersO1,O2, with constant relative
velocity, who send andreceive light signals as shown.

Note:t1, t4 are measured onO1s clockt2, t3 are measured onO2s
clock

x

t1

O2

O1t3

t2=k(v)t1

t4= k(v)t3

t

Figure 2.2: Emission and reception of light signals by observers
in relative motion.

4Special refers to the fact that we are at present restricting
our considerations to one space dimension.5This postulate is
well-supported by experiments with particle accelerators.
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The Relativity Principle impliesk(v) =k(v), otherwise the
inertial frames associated withO1and O2would be experimentally
distinguished. Thus with each pair of inertial observers
withconstant relative velocityv, there is associated ak-factork(v),
which relates time intervals

under propagation by light signals, according to

(t)received=k(v)(t)emitted (2.2)

Convention: The relative velocity v is positive ifO1,O2 are
receding from each other, andis negative ifO1,O2 are approaching
each other.

2.2.2 Relative Velocity and thek-factor

LetO1 reflect a radar pulse (light signal) offO2 as shown in
Figure 2.3.

clocks to read 0 hereO1 and O2 set their

O1 O2

O2s clock reading

A

t0

k2t0

kt0O1s clock reading

Figure 2.3: A reflected light signal

O1 concludes thatO2 has travelled a distance 12 (k2 1)t0 secs.
in a time of 12 (k2 + 1)t0secs. Thus the velocity v of

O2 relative to

O1 is

v=k2 1k2 + 1

, (2.3)

where k is the k-factor forO1 andO2.This equation implies1<
v


	
8/11/2019 Am 475 Master

53/176

This implies that

k(v) = 1k(v)

.

2.2.3 Derivation of the special Lorentz transformation

T2

T1

(x, t)(x, t)

O

x

O

T1

T2

P

t= x

t

x

t

Figure 2.4: Coordinates assigned by observers in two different
inertial frames.

Consider two inertial observersO andO, with constant relative
velocity v > 0. Theseobservers assign coordinates (x, t) andx,
t), according to (2.1):

x= 12 (T2 T1), t= 12 (T2+ T1), (2.5)

x= 12 (T1 T2), t= 12 (T2+ T1). (2.6)Thek-factor relates T1 to T1
according to

T1= k(v)T1, (2.7)

and relatesT2 to T2 according to

T2= k(v)T2 (2.8)
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where is the so-called velocity parameter, defined by

v= tanh .

It is then straightforward to show that

(tP

tQ)

2 + (xP

xQ)

2 =

(tP

tQ)

2 + (xP

xQ)

2.

We thus define the square of the spacetime separationbetween two
events P, Qby

(s)2 = (t)2 + (x)2. (2.12)where

x= xP xQ, t= tP tQ,relative to any inertial frame.

Physical Interpretation of Space-time separation

i) If (s)2 < 0, we say the events P and Q have timelike
separation. This means that

P and Q lie on the worldline of some inertial observer, i.e. P
and Q have the same

spatial coordinates, xP = xQ, and that all observers agree on
their order in time. In

this case, we write

=| s |=

(t)2 (x)2.In the frame in which P, Qare experienced by the same
observer (i.e. x= 0),

=| t | .Thus, for two events P, Qwith timelike separation,

=| s | is the time elapsed betweenP, Qas measured by theinertial
observer who experiences both events.

Note that 0, we say that the events P, Qhave spacelike
separation. In this case there

exists an inertial frame in which t = tP tQ = 0, i.e. P, Q are
simultaneous. Wewrite

=| s |=

(x)2 (t)2.In the frame in which P, Qare simultaneous (i.e. t=
0),

s=| x |,Hence, for two events P, Qwith spacelike separation
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=| s | is the distance between P, Qas measured in the
inertialframe in which P, Qare simultaneous.

iii) If s= 0, we say that the events P andQ have null
separation. In this case P andQ

lie on the worldline of a light signal.

2.3.2 The Lorentzian metric tensor

In R2, the quadratic form

()2 = (x)2 + (y)2 (2.13)

defines the Euclidean metric. Using index notation, we write

()2 =ijxixj , (2.14)

where (x1, x2) = (x, y) are Cartesian coordinates, and ij are
the components of the Eu-

clidean metric tensor. The vector space R2 with this Euclidean
metric tensor is the familiar

Euclidean space E2. The quadratic form (2.13) is invariant under
a rotation, i.e. an orthog-

onal transformation of the form

x= x cos y sin y = x sin + y cos ,

(2.15)

which in index notation reads

xi =Oijxj , (2.16)

where the 2 2 matrix (Oij) is given

(Oij) =

cos sin

sin cos

. (2.17)

The fact that (2.14) is invariant under the coordinate
transformation (2.16) reads

ijxixj =ijx

ixj. (2.18)

Since (Oij) is a constant matrix it follows from (2.16) that

xi =Oijxj . (2.19)

We substitute (2.19) in (2.18), relabel dummy indices and
rearrange to obtain

(ij OkiOjk)xixj = 0.

Since the xi are arbitrary it follows that

ij =OkiO

jk. (2.20)
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We say that the Euclidean metric tensor is invariant under an
orthogonal transformation.

On the other hand, the quadratic form (2.12), which gives the
spacetime separation,

(s)2 = (t)2 + (x)2, (2.21)

is said to define a Lorentzian metric in R2. Using index
notation we write

(s)2 =ijxixj , (2.22)

where (x0, x1) = (t, x) andij, defined by

(ij) =

1 00 1

, (2.23)

are the components of theLorentzian metric tensor. The vector
space R2 with this Lorentzian

metric tensor, is referred to as two-dimensional Minkowski
space-time.

The quadratic form (2.21) is invariant under a Lorentz
transformation (2.11) i.e.

t= t cosh x sinh x= t sinh + x cosh ,

where tanh =v, or in index notation

xi =Lijxj, (2.24)

where

(Lij) =

cosh sinh sinh cosh

.

The fact that (2.14) is invariant under the coordinate
transformation (2.16) implies

6

thatij =L

kiL

jk, (2.25)

i.e. the components of the Lorentzian metric tensor are
invariant under the Lorentz trans-

formation (2.24).

In two-dimensional Euclidean geometry the set of all points
having a fixed distance from

a specified point P is a circle centred onP. In two-dimensional
Lorentzian geometry, the

set of all events having a fixed spacetime separation from a
specified event Pis one of three

types, depending on whether (s)2 < 0, (s)2 = 0, or (s)2 >
0. The three possibilities

are

(x xP)2 (t tP)2 =

constant 0.

We thus obtain two families of hyperbolae, together with their
asymptotic lines, as shown

in Figure 2.5.

6The derivation parallels the derivation of (2.20).
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WL of some observer Owho experiences P

(light cone atP)s2 = 0

set of events which Oregards as simultaneouswith P

light signalemitted atP

received atPlight signal

P s2 = +1

s2 = 1

t

x

Figure 2.5: The sets (s)2 = 1, 0 in two-dimensional Minkowski
spacetime.

For a fixed event P, the set of all events such that (s)2 = 0 is
said to form the light

cone7 (or null cone) atP. The half of the light cone generated
by light signals emitted at

P is called the future light cone atP, and the half that is
generated by light signals which

reachP, is called the past light cone atP. The future of the
eventPis the set of all eventson or within the future light cone,
and the past of the eventP is defined to be all events

lying on or inside the past light cone atP.

Future light cone at P: (s)2 = 0, t 0Future ofP: (s)2 0, t 0Past
light cone atP: (s)2 = 0, t 0Past ofP: (s)2 0, t 0.

Note that Pcan influence any event in his future set and that
Pcan be influenced by any

event in his past set.

2.3.3 Four-dimensional Minkowski space-time

The extension from two-dimensional Minkowski space-timeM2to
four-dimensional Minkowski

space-time M4 is straightforward. Since the three spatial
coordinates should be placed on

7The reason for this name will become clear when we extend the
discussion to three spatial dimensions.
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giving three more arbitrary parameters, for a total of 6.

At this stage we can make use of the concepts introduced in
Chapter 1 in connection

with Riemannian metrics. Firstly, since the components of the
Lorentzian metric tensor are

constant relative to inertial coordinates, the
Riemann-Christoffel curvature tensor is zero,

R ji k = 0,

i.e. the Lorentzian metric tensor in Minkowski space-time is
flat. Secondly, the geodesic

equations (1.91) reduce tod2xi

d2 = 0, (2.30)

which describes straight lines, i.e. the geodesics in Minkowski
space-time are straight lines.

2.3.4 The light cone

As in two-dimensional Minkowski space M2, two events in M4 that
have zero spacetime

separation i.e. (s)2

= 0, lie on the worldline of a light signal.The fixed event in P
in M4, the set of all events such that

(s)2 = 0,

i.e.

(t tp)2 + (x xp)2 + (y yp)2 + (z zp)2 = 0is called the light
cone atP. The light cone at Phas two branches, the future cone,
defined

by t > tp, which represents the worldlines of all possible
light signals emitted at P, and

the past cone, defined by t < tp, which represents the
worldlines of all possible light signals

received byP.If one suppresses one space dimension, the light
cone at P, given by

(t tp)2 + (x xp)2 + (y yp)2 = 0,

can be drawn as a circular cone in 3-space, treating t, x and y
as Cartesian coordinates as

in Figure 2.6.

The subset ofM4 defined by (s)2 0, t 0 is called the future of
the eventP, and

corresponds to the interior of the future light cone. Similarly,
the subset ofM4 defined by

(s)2 0, t 0 is called the past of the eventP, and corresponds to
the interior of thepast light cone.

2.4 Worldlines and geodesics

Let C be the worldline of some particle, which could be
accelerating relative to inertial

observers:

xi =xi(), i= 0, . . . , 3.
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received atPWL of a light signal

past light cone at P

P

future light cone at P WL of a light signal emitted atP

Figure 2.6: The light cone in Minkowski spacetime, with one
space dimension suppressed.

where is the parameter for C. The tangent line to C at some
event P represents the

worldline of an inertial observer relative to whom the particle
is instantaneously at rest, as

shown in Figure 2.7. Hence ifQ is any event on the tangent line
to the future ofP, the

events Qand Pmust have timelike separation i.e.

(s)2 =ijxixj
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Q

P

C

dxi

d

Figure 2.7: The tangent vector to the worldline of a
particle.

A vector Ai which satisfies:

(i) ijAiAj 0 is said to be spacelike.

Likewise, a curve whose tangent vector is always timelike, is
said to b
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