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Abstract { A (v; k; ) optical orthogonal code C is a family of
(0; 1) sequences oflength v and weight k satisfying the following
correlation properties:

(1)P

0tv1xtxt+i for any x = (x0; x1; : : : ; xv1) 2 C and any integer
i 60 (mod v);

(2)P

0tv1xtyt+i for any x = (x0; x1; : : : ; xv1) 2 C, y = (y0; y1; :
: : ; yv1) 2 Cwith x 6= y, and any integer i,

where the subscripts are taken modulo v. A (v; k; ) optical
orthogonal code with

b1kbv 1k 1b

v 2k 2b b

v k ccccc

codewords is said to be optimal. Optical orthogonal codes are
essential for success of ber-optic code division multiple access
communication systems. The use of an optimal opticalorthogonal code
enables the largest possible number of asynchronous users to
transmitinformation eciently and reliably. In this paper, various
combinatorial constructionsfor optimal (v; 4; 1) optical orthogonal
codes, such as those via skew starters and Weil'stheorem on
character sums, are given for v 0 (mod 12). These improve the
knownexistence results on optimal optical orthogonal codes. In
particular, it is shown that anoptimal (v; 4; 1) optical orthogonal
code exists for any positive integer v 0 (mod 24).

Index Terms { Combinatorial construction; Cyclic t-dierence
packing; Incompletedierence matrix; Optical orthogonal code;
Optimal; Skew starter; Weil's theorem.
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1 Introduction

An optical orthogonal code (OOC) is a family of (0; 1) sequences
with good auto- andcross-correlation properties. Its study has been
motivated by an application in a codedivision multiple access
(CDMA) communication using a ber optical channel. They areessential
for success of ber-optic CDMA communication systems. The lack of a
networksynchronization requirement and an electronic-optical domain
conversion requirementenhances the simplicity and the exibility of
such an optical multiple access system.The high weight of codewords
facilitates the detection of the desired signal, and thelow auto-
and cross-correlations reduce the interference from unwanted
signals in thenetwork. OOC's also have applications in mobile
radio, neuromorphic networks, andradar and sonar signal design.
Recent work has been done on using OOC's for multimediatransmission
in ber-optic LAN's and in multirate ber-optic CDMA systems, too.
Forrelated details, the interested reader may refer to [5, 14, 15,
16, 17, 18]. We rst introducethe formal denition of an optical
orthogonal code.

Let v; k; a and c be positive integers. A (0; 1) sequence of
length v and weight k isa sequence with exactly k 1's and v k 0's.
A (v; k; a; c) optical orthogonal code, orbriey (v; k; )-OOC, C, is
a family of (0; 1) sequences (called codewords) of length v
andweight k satisfying the following two properties:

(1) (The Auto-Correlation Property)P0tv1xtxt+i a for any x =
(x0; x1; : : : ; xv1) 2 C and any integer i 6

0 (mod v);

(2) (The Cross-Correlation Property)P0tv1xtyt+i c for any x =
(x0; x1; : : : ; xv1) 2 C, y = (y0; y1; : : : ; yv1) 2 C

with x 6= y, and any integer i.

Aperiodic correlation properties might be more appropriate for
the present applica-tion. However, in this paper, we will restrict
our attention to periodic correlations, i.e.,the subscripts in the
above denition are reduced modulo v whenever necessary. We willonly
consider the case a = c = , for which the notation is abbriviated
to (v; k; )-OOC.

Example 1.1 Here are a (24; 4; 1)-OOC, a (36; 4; 1)-OOC and a
(48; 4; 1)-OOC, respec-tively.

(1) A (24; 4; 1)-OOC with one codeword:

110100010000000000000000:

(2) A (36; 4; 1)-OOC with two codewords:

110100010000000000000000000000000000;

100001000000010000000000100000000000:
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(3) A (48; 4; 1)-OOC with three codewords:

110000001010000000000000000000000000000000000000;

100100000000000010001000000000000000000000000000;

100001000001000000000001000000000000000000000000:

OOC's are related to but dierent from other orthogonal codes and
well-correlatedbinary sequences in the literature (e.g., Barker
sequences). OOC's consist of truly (0; 1)sequences and are intended
for unipolar environments that have no negative compo-nents, such
as direction-detection optical sysytems, while most documented
correlationsequences are actually (+1;1) sequences, even if they
use the (0; 1) notation, which areintended for systems having both
positive and negative components.

Analogous to the Johnson bound [12] for constant-weight
error-correcting codes, thesize jCj of a (v; k; )-OOC C is upper
bounded (see [5, 8]) by

b1kbv 1k 1b

v 2k 2b b

v k ccccc:

A (v; k; )-OOC with this number of codewords is said to be
optimal. The advantageof using an optimal optical orthogonal code
is that it enables the largest number ofasynchronous users to
transmit information eciently and reliably in such a
CDMAcommunication system. The (v; 4; 1)-OOC's for v = 24; 36 and 48
in Example 1.1 are infact all optimal.

Determining the parameters v; k and for which an optimal (v; k;
)-OOC existsis apparently a dicult task. It was shown [5] that an
optimal (v; 3; 1)-OOC exists ifand only if v 6= 6t + 2 with t 2 or
3 (mod 4). For k 4, although there are somepartial results (see,
for example, [1, 2, 3, 4, 7, 8, 10, 19]), the existence problem for
anoptimal (v; k; 1)-OOC is far from settled. The only complete
congruence classes of v forwhich the existence of an optimal (v; 4;
1)-OOC was solved are, to our best knowlege,v 6 (mod 12) and v 24
(mod 48) due to Ge and Yin [10], and v 0 (mod 648) dueto Chang and
Miao [3].

In this paper, we are interested in the construction and the
existence problem of anoptimal (v; 4; 1)-OOC where v is congruent
to 0 (mod 12). The known results about theexistence of optimal (v;
4; 1)-OOC's, where v 0; 6 (mod 12), are listed below.

Lemma 1.2 There exists an optimal (v; 4; 1)-OOC for any positive
integer v of the fol-lowing type:

1. ([10]) v 24 (mod 48);2. ([10]) v 6 (mod 12);3. ([3]) v 0 (mod
648).
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Lemma 1.3 There exists an optimal (v; 4; 1)-OOC for any positive
integer v of the fol-lowing type:

1. ([1]) v = gu where g 2 f6; 30; 54; 78; 174; 222g, and u is a
positive integer whoseprime factors are all congruent to 7 or 11
(mod 12);

2. [10]) v = gu where g 2 f18; 24; 72g, and u is a positive
integer such that gcd(u; 150) =1 or 25;

3. ([10]) v = 12u where u is a positive integer whose prime
factors are all congruentto 1 (mod 4)

It is known ([8]; see also Section 2) that an optimal (v; k;
)-OOC is in fact equivalentto a maximum cyclic (+1)-(v; k;
1)-dierence packing. Therefore, instead of constructingoptimal
optical orthogonal codes directly, we need only to construct the
correspondingmaximum cyclic t-dierence packings. In the remainder
of this paper, we will describevarious direct and recursive
constuctions, making use of Weil's theorem on character sumsand
several combinatorial congurations such as skew starters and
incomplete dierencematrices, to construct maximum cyclic 2-(v; 4;
1)-dierence packings with v 0 (mod 12).As a consequence, we are
able to show, among others, that an optimal (v; 4; 1)-OOC existsfor
any positive integer v 0 (mod 24).

2 Optical Orthogonal Codes and Cyclic t-Dierence

Packings

As pointed out by Chung, Salehi and Wei [5] and proved by
Fuji-Hara and Miao [8],OOC's are closely related to some
combinatorial congurations called cyclic t-dierencepackings.

Assume that v k t 2 are positive integers. A t-(v; k; ) packing
design is a pair(V ;B), where V is a v-set of points and B a
collection of k-subsets (called blocks) of V ,such that every
t-subset of distinct points from V occurs in at most blocks of
B.

Let (V ;B) be a t-(v; k; ) packing design and a permutation on V
. For any blockB = fb1; : : : ; bkg, dene B = fb1 ; : : : ; bkg. If
B = fB : B 2 Bg = B, then is called an automorphism of the t-(v; k;
) packing design (V ;B). The set of all suchpermutations forms a
group under composition called the full automorphism group of
thepacking design. Any of its subgroups is called an automorphism
group of the packingdesign. A t-(v; k; ) packing design admitting a
cyclic automorphism group is a cyclict-(v; k; ) packing design. For
a cyclic t-(v; k; ) packing design (V ;B), as the
terminologysuggests, the point set V can be identied with Zv, the
residue ring of integers modulov. The cyclic automorphism then is
just the bijection : i ! i+ 1 (mod v).

Suppose that B = fb1; : : : ; bkg is a block in a cyclic t-(v;
k; ) packing design (Zv;B).
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The block orbit containing B 2 B is dened to be the set of the
following distinct blocks:B

i

= B + i = fb1 + i; : : : ; bk + ig (mod v)for i 2 Zv. If a block
orbit contains v distinct blocks, i.e., its setwise stabilizer GB
isequal to the additive identity f0g of Zv, then this block orbit
is said to be full, otherwiseshort. Choose an arbitarily xed block
from each block orbit and then call it a base block.

Cyclic t-(v; k; ) packing designs (Zv;B) having only full block
orbits are of particularinterest to us. Let F be the family of all
base blocks of a cyclic t-(v; k; ) packing design.Then the pair
(Zv;F) is called a cyclic t-(v; k; ) dierence packing, or briey a
t-(v; k; )-CDP. In this paper, we are interested in cyclic
t-packing designs having only full blockorbits. >From now on, we
assume that any cyclic t-(v; k; ) dierence packing consistsof base
blocks of a cyclic t-packing design having no short orbits. Let
P(v; k; t) be themaximum number of base blocks in any t-(v; k;
)-CDP. It is known (see [8]) that

P(v; k; t) b1kbv 1k 1b

v 2k 2b b

v t+ 1k t+ 1ccccc:

A t-(v; k; )-CDP is maximum if it has

b1kbv 1k 1b

v 2k 2b b

v t+ 1k t+ 1ccccc

base blocks altogether.

By identifying a (v; k; )-OOC with a family of k-subsets of Zv,
in which each k-subsetcorresponds to a codeword and the integers
within each k-subset specify the nonzero bitsof the codeword,
Fuji-Hara and Miao [8] established the following fundamental
equivalencebetween optimal OOC's and maximum cyclic t-dierence
packings.

Theorem 2.1 ([8]) An optimal (v; k; )-OOC is equivalent to a
maximum (+1)-(v; k; 1)-CDP, provided that < k holds.

Therefore, in order to construct an optimal (v; k; )-OOC, we
need only to constructits corresponding maximum (+1)-(v; k; 1)-CDP.
Unfortunately, as noticed by Fuji-Haraand Miao [8], to construct
such maximum cyclic t-dierence packings is quite dicult ingeneral.
When t = 2, however, there is an eective way to handle this
problem.

Let F = fB1; B2; : : : ; Brg be a collection of k-subsets of Zv
with Bi = fbi1; bi2; : : : ; bikgfor each 1 i r. For any i, 1 i r,
the list of dierences of Bi is

Bi = (bij bis : 1 j; s k; j 6= s);while the list of dierences of
F is dened to be

F =[1irBi:

If the setwise stabilizer GBi of each Bi, 1 i r, is the additive
identity f0g of Zv, andthe list of dierences F covers Zv n (L[f0g)
exactly once, where L, the dierence leave
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of F , is a subset of nonzero elements of Zv being not covered
by F at all, then it can beeasily checked that the pair (Zv;F) is
in fact a cyclic 2-(v; k; 1) dierence packing. Themembers of F are
the base blocks of the 2-(v; k; 1)-CDP.

A 2-(v; k; 1)-CDP is called g-regular if the dierence leave L
together with the additiveidentity f0g forms an additive subgroup
of Zv of order g. A g-regular 2-(v; k; 1)-CDP isalso termed a
uniform (gv

g; 2k 2; k) cyclically permutable code in [1].

We illustrate the above discussion with some examples. The
corresponding 4-sets ofintegers modulo v of the codewords in the
optimal (v; 4; 1)-OOC's for v = 24; 36; 48 inExample 1.1 are as
follows.

(1) v = 24: f0; 1; 3; 7g, which forms a maximum 2-(24; 4;
1)-CDP. The setwise stabilizerof the base block is the identity
f0g, and the list of dierences of the base block isZ24 n (f0g [ L),
where L = f5; 8; 9; 10; 11; 12; 13; 14; 15; 16; 19g. Clearly, f0g [
L isnot a subgroup of Z24, and thus this maximum 2-(24; 4; 1)-CDP
is not 12-regular.

(2) v = 36: f0; 1; 3; 7g; f0; 5; 13; 24g, which form a maximum
2-(36; 4; 1)-CDP. Thesetwise stabilizer of each base block is the
identity f0g, and the list of dierences ofthe base blocks is Z36
n(f0g[L), where L = f10; 11; 14; 15; 16; 18; 20; 21; 22; 25; 26g.In
this case, f0g [ L is not a subgroup of Z36.

(3) v = 48: f0; 1; 8; 10g; f0; 3; 16; 20g; f0; 5; 11; 23g, which
form a maximum 2-(48; 4; 1)-CDP. The setwise stabilizer of each
base block is the identity f0g, and the list ofdierences of the
base blocks is Z48 n (f0g [ L), where L = f14; 15; 19; 21; 22;
24,26; 27; 29; 33; 34g. Similarly, f0g [ L is not a subgroup of
Z48.

By a counting argument, we can obtain a simple criterion for
determining whether a2-(v; k; 1)-CDP is maximum or not.

Theorem 2.2 ([8, 19]) A 2-(v; k; 1)-CDP with dierence leave L is
maximum if 1 jLj < k(k 1).

In view of Theorems 2.1 and 2.2, results on maximum or g-regular
( + 1)-(v; k; 1)-CDP's can be used directly to create optimal (v;
k; )-OOC's. As a matter of fact, most ofthe known constructions for
optimal (v; k; 1)-OOC's are indeed design theoretic in nature(see,
for example, [2, 4, 3, 8, 10, 19]).

3 Direct Constructions for g-Regular 2-(v; 4; 1)-CDP's

In the literature, there are several methods for the
construction of optimal optical or-thogonal codes. By using Weil's
theorem on character sums, Fuji-Hara et al. [9] wereable to show
that an optimal (9v; 4; 1)-OOC always exists for any positive
integer v,where v is a product of primes congruent to 1 (mod 4),
and Buratti [2] was able to showthat an optimal (4p; 4; 1)-OOC
always exists for any prime p 7 (mod 12) such that
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(p 1)=6 has a prime factor not greater than 19. Meanwhile, by
using a combinatorialconguration called skew starter, Chen et al.
[4] and Ge and Yin [10] constructed ag-regular 2-(gu; 4; 1)-CDP for
any g 2 f6; 18; 24; 72g and any positive integer u such thatgcd(u;
6) = 1.

In this section, we will describe several new direct
constructions, some of which alsomaking use of Weil's theorem and
skew starters, for maximum 2-(v; 4; 1)-CDP's, or equiv-alently (by
Theorem 2.1), optimal (v; 4; 1)-OOC's, for positive integers v 0
(mod 12).The rst two constructions, which give a 36-regular 2-(36p;
4; 1)-CDP and a 48-regular 2-(48p; 4; 1)-CDP for any prime p 1 (mod
4), respectively, are a little dierent from thoseknown direct
constructions mentioned above. In the resultant 36-regular 2-(36p;
4; 1)-CDP and 48-regular 2-(48p; 4; 1)-CDP, (p 1)=2 of the base
blocks are expressed by askew starter, while the existence of the
remaining 5(p 1)=2 base blocks and 7(p 1)=2base blocks,
respectively, is guaranteed by a theorem due to Buratti [2] which
is provedby Weil's theorem on character sums.

Let (G;+) be an abelian group of order u > 1. A skew starter
in G is a set ofunordered pairs S = ffxi; yig : 1 i (u 1)=2g which
satises the following threeproperties:

(1) fxi : 1 i (u 1)=2g [ fyi : 1 i (u 1)=2g = G n f0g;(2) f(xi
yi) : 1 i (u 1)=2g = G n f0g;(3) f(xi + yi) : 1 i (u 1)=2g = G n
f0g.

According to the denition, a skew starter in G can exist only if
u is odd. Furthermore,if we write X = fxi : 1 i (u 1)=2g and Y =
fyi : 1 i (u 1)=2g, then wemay assume, without loss of generality,
that X = Y , and hence we have X [ (X) =Y [ (Y ) = X [ Y = G n
f0g.

Skew starters have been extensively studied. We summarize the
existence results onskew starters in Zu in the following lemma.

Lemma 3.1 ([4]) There exists a skew starter in Zu for each
positive integer u such thatgcd(u; 150) = 1 or 25. There does not
exist any skew starter in Zu if u 0 mod 3.

A multiplicative character of a nite eld GF (q) is a
homomorphism from the mul-tiplicative group of GF (q) into the
multiplicative group of complex numbers of absolutevalue 1. The
following is the statement of Weil's theorem on multiplicative
charactersums cited from Theorem 5.41 in [13]. In the theorem it is
understood the conventionthat if is a multiplicative character of
GF (q), then (0) = 0.

Theorem 3.2 Let be a multiplicative character of GF (q) of order
m > 1 and let f bea polynomial of GF (q)[x] which is not of the
form kgm for some k 2 GF (q) and someg 2 GF (q)[x]. Then we
have

jXx2GF (q)(f(x))j (d 1)

pq;
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where d is the number of distinct roots of f(x) in its splitting
eld over GF (q).

By applying Weil's theorem, Buratti [2] proved the following
Theorem 3.3. In order tostate Buratti's theorem, we need to explain
some notations. Fixed a prime p 1 (mod n)and a primitive element !
2 Zp, Cn0 will denote the multiplicative subgroup f!in : 0 i
(p1)=ng of the n-th powers modulo p, while Cnj will denote the
coset of Cn0 in Zp(= C10)represented by !j, i.e., Cnj = !

jCn0 . C20 , the set of quadratic residues modulo a primep, is
usaully denoted by QR(p), while C21 , the set of quadratic
non-residues modulo p, isusaully denoted by NQR(p).

Theorem 3.3 ([2]) Let p 1 (mod q) be a prime satisfying the
inequality p (2q3 3q2 + 1)

pp 3q2 > 0. Then, for any triple (j1; j2; j3) 2 f0; 1; : : :
; q 1g3 and any given

triple (c1; c2; c3) of pairwise distinct elements of Zp, there
exists an element x 2 Zp suchthat x+ ci 2 Cqji for each i, i = 1;
2; 3.

Now we describe our rst two interesting constructions.

Lemma 3.4 Let p 1 (mod 4) be a prime. Then a 36-regular 2-(36p;
4; 1)-CDP existsfor p > 5.

Proof Since p 1 (mod 4) is a prime such that p > 5, by Lemma
3.1, there exists askew starter Sp in Zp. Then the desired
36-regular 2-(36p; 4; 1)-CDP can be constructedby taking the
following 3(p1) base blocks based on the additive group of ZpZ36
beingisomorphic to Z36p. The rst (p 1)=2 base blocks are

f(x; 0); (y; 0); (x+ y; 6); (0; 24)g;where fx; yg runs over all
pairs of the skew starter Sp in Zp, and the remaining 5(p1)=2base
blocks are

f(0; 0); (1; 1); (s; 2); (s 1; 4)g(r; 1);f(0; 0); (s; 3); (s 1;
7); (1; 22)g(r; 1);f(0; 0); (1; 7); (s; 16); (s 1; 26)g(r; 1);

f(0; 0); (1; 9); (s 2; 20); (s 1; 31)g(r; 1);f(0; 0); (t; 5);
(1; 13); (s 2; 28)g(r; 1);

where r 2 QR(p), s and t satisfy the properties that s and s1
are quadratic non-residuesand s 2 is a quadratic residue, and that
t is quadratic residue and t + 1 and t s + 2are quadratic
non-residues. By Theorem 3.3, such an element s always exists in Zp
forany prime p 1 (mod 4) and p 49. Clearly, s is not allowed to be
equal to 0 or 1 or 2.Then applying Theorem 3.3 once again, we know
that, once the element s 2 Zp has beendetermined, the required
element t also exists in Zp for any prime p 1 (mod 4) andp 49. For
the remaining cases p = 13; 17; 29; 37; 41, such two required
elements s andt are found by hand. The searching results are (p; s;
t) = (13; 6; 10), (17; 6; 9), (29; 3; 20),(37; 6; 12), (41; 7; 18).
This completes the proof. 2
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In a similar fashion, we can show the following
construction.

Lemma 3.5 Let p 1 (mod 4) be a prime. Then a 48-regular 2-(48p;
4; 1)-CDP existsfor p > 5.

Proof By Lemma 3.1, we know that there exists a skew starter Sp
in Zp. Then thedesired 48-regular 2-(48p; 4; 1)-CDP can be
constructed by taking the following 4(p 1)base blocks based on the
additive group of Zp Z48 being isomorphic to Z48p. The rst(p 1)=2
base blocks are

f(x; 0); (y; 0); (x+ y; 8); (0; 32)g;

where fx; yg runs over all pairs of the skew starter Sp in Zp,
and the remaining 7(p1)=2base blocks are

f(0; 0); (1; 1); (s; 2); (s 1; 4)g(r; 1);f(0; 0); (s 1; 3); (s;
7); (1; 13)g(r; 1);f(0; 0); (1; 6); (s; 20); (s 1; 29)g(r; 1);f(0;
0); (s; 9); (1; 19); (s 1; 30)g(r; 1);f(0; 0); (1; 7); (s 1; 21);
(s; 33)g(r; 1);f(0; 0); (s 1; 11); (1; 26); (s; 31)g(r; 1);f(0; 0);
(t; 5); (1; 17); (s 2; 30)g(r; 1);

where r 2 QR(p), s and t satisfy the properties that s and s1
are quadratic non-residuesand s 2 is a quadratic residue, and that
t is quadratic residue and t + 1 and t s + 2are quadratic
non-residues. By Theorem 3.3, such an element s always exists in Zp
forany prime p 1 (mod 4) and p 49. Clearly, s is not allowed to be
equal to 0 or 1 or2. Applying Theorem 3.3 once again, we know that,
once the element s 2 Zp has beendetermined, the required element t
also exists in Zp for any prime p 1 (mod 4) andp 49. For the
remaining cases p = 13; 17; 29; 37; 41, such two required elements
s andt has been already found in Lemma 3.4. The searching results
are (p; s; t) = (13; 6; 10),(17; 6; 9), (29; 3; 20), (37; 6; 12),
(41; 7; 18). The conclusion then follows. 2

In the above two constructions, we provided a exible way to use
Buratti's theorem(in fact a corollary of Weil's theorem) where two
elements s and t are involved, while allother applications of
Weil's theorem, except [20], involve only one element.

We note that although it seems the construction method used
Weil's theorem canonly prove the existence of cyclic dierence
packings, it does have the ability to providethe base blocks of
cyclic dierence packings explicitly. As a matter of fact, the
desiredelements in Zp satisfying these conditions can be found
easily by a computer, and thusthe base blocks still can be written
down.

Next, we present three more constructions which are purely based
on skew starters.They can create new series of g-regular 2-(v; 4;
1)-CDP's.
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Lemma 3.6 Let u be a positive integer such that gcd(u; 150) = 1
or 25. Then a 60-regular2-(60u; 4; 1)-CDP exists.

Proof By Lemma 3.1, there exists a skew starter Su in Zu. The
desired 60-regular2-(60u; 4; 1)-CDP can be obtained by listing the
following 5(u 1) base blocks based onthe additive group of Zu Z60
being isomorphic to Z60u since gcd(u; 60) = 1:

f(x; 0); (y; 0); (0; 4); (x+ y; 18)g;f(x; 0); (y; 30); (x; 8);
(y; 22)g;

f(x; 0); (x; 1); (y; 11); (y; 13)g;f(x; 0); (x; 3); (y; 26); (y;
31)g;f(x; 0); (x; 6); (y; 21); (y; 41)g;f(x; 0); (x; 7); (y; 16);
(y; 43)g;

where = f1;+1g, and fx; yg runs over all pairs of the skew
starter Su in Zu.The list of dierences of these base blocks can be
partitioned into the following eight

classes depending on the values of the rst coordinates:

1. f((x y); t) : fx; yg 2 Sg, t = 0;22;2. f((x+ y); t) : fx; yg
2 Sg, t = 14; 30;3. f(x; t); (y; t); (x;t); (y;t) : fx; yg 2 Sg, t
= 4;18;4. f(2x; 8); (2y; 8); (2x;8); (2y;8) : fx; yg 2 Sg;5. f(2x;
t) : fx; yg 2 Sg, t = 1;3;6;7;6. f(2y; t) : fx; yg 2 Sg, t =
2;5;20;27;7. f((x y); t) : fx; yg 2 Sg, t = 11, 12, 16, 21, 24, 25,
26, 28;8. f((x+ y); t) : fx; yg 2 Sg, t = 9, 10, 13, 15, 17, 19,
23, 29.

Since Su is a skew starter in Zu, we can easily see that the
list of dierences arisingfrom the above base blocks does cover each
element of ZuZ60 n(f0gZ60) exactly once,while any element of the
additive subgroup f0gZ60 is not covered at all. The assertionthen
follows. 2

Similarly, we have the following two constructions.

Lemma 3.7 Let u be an odd positive integer such that gcd(u; 3) =
1. Then a 96-regular2-(96u; 4; 1)-CDP exists if so does a skew
starter in Zu.

10


	
Proof Let Su be a skew starter in Zu. The desired 96-regular
2-(96u; 4; 1)-CDP canbe obtained by taking the following 8(u 1)
base blocks based on the additive group ofZu Z96 being isomorphic
to Z96u since gcd(u; 96) = 1:

f(x; 0); (y; 48); (x; 10); (y; 38)g;f(x; 0); (y; 0); (0; 5); (x+
y; 33)g;

f(x; 0); (x; 1); (y; 3); (y; 7)g;f(x; 0); (x; 8); (y; 21); (y;
30)g;f(x; 0); (x; 11); (y; 45); (y; 57)g;f(x; 0); (x; 14); (y; 40);
(y; 67)g;f(x; 0); (x; 15); (y; 32); (y; 52)g;f(x; 0); (x; 16); (y;
35); (y; 71)g;f(x; 0); (x; 18); (y; 42); (y; 65)g;

where = f1;+1g, and fx; yg runs over all pairs of the skew
starter Su in Zu.The list of dierences from these base blocks can
be partitioned into the following

eight classes deponding on the values of the rst
coordinates:

1. f((x y); t) : fx; yg 2 Sg, t = 0;38;2. f((x+ y); t) : fx; yg
2 Sg, t = 28; 48;3. f(x; t); (y; t); (x;t); (y;t) : fx; yg 2 Sg, t
= 5;33;4. f(2x; 10); (2y; 10); (2x;10); (2y;10) : fx; yg 2 Sg;5.
f(2x; t) : fx; yg 2 Sg, t = 1;8;11;14;15;16;18;6. f(2y; t) : fx; yg
2 Sg, t = 4;9;12;20;23;27;36;7. f((xy); t) : fx; yg 2 Sg, t = 3, 6,
21, 22, 32, 35, 37, 40, 41, 42,43, 45, 46, 47;

8. f((x+y); t) : fx; yg 2 Sg, t = 2, 7, 13, 17, 19, 24, 25, 26,
29, 30,31, 34, 39, 44.

Since Su is a skew starter in Zu, we can easily see that the
above list of dierencesdoes cover each element of Zu Z96 n (f0g
Z96) exactly once, while any element in theadditive subgroup f0gZ96
is not covered at all. The assertion then follows immediately.

2

Lemma 3.8 Let u be an odd positive integer such that gcd(u; 3) =
1. Then a 108-regular2-(108u; 4; 1)-CDP exists if so does a skew
starter in Zu.
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Proof Let Su be a skew starter in Zu. The desired 108-regular
2-(108u; 4; 1)-CDP canbe is obtained by listing the following 9(u
1) base blocks based on the additive groupof Zu Z108 being
isomorphic to Z108u since gcd(u; 108) = 1:

f(x; 0); (y; 0); (0; 6); (x+ y; 36)g;f(x; 0); (y; 54); (x; 12);
(y; 42)g;f(x; 0); (x; 1); (y; 3); (y; 8)g;

f(x; 0); (x; 4); (y; 19); (y; 28)g;f(x; 0); (x; 10); (y; 37);
(y; 48)g;f(x; 0); (x; 13); (y; 45); (y; 59)g;f(x; 0); (x; 16); (y;
41); (y; 74)g;f(x; 0); (x; 17); (y; 56); (y; 85)g;f(x; 0); (x; 18);
(y; 44); (y; 65)g;f(x; 0); (x; 20); (y; 51); (y; 73)g;

where = f1;+1g, and fx; yg runs over all pairs of the skew
starter Su in Zu. Similarly,the above list of dierences does cover
each element of Zu Z108 n (f0g Z108) exactlyonce, while any element
in the additive subgroup f0g Z108 is not covered at all. 2

As an immediate consequence, we can obtain several new series of
g-regular 2-(v; 4; 1)-CDP's.

Theorem 3.9 There exists a g-regular 2-(gu; 4; 1)-CDP for each g
2 f6, 18, 24, 60, 72,96, 108g and for each positive integer u such
that gcd(u; 150) = 1 or 25.

Proof Combinining Lemma 2.6 of [4], Lemma 2.6 of [10] and Lemmas
3.6, 3.7, 3.8together with Lemma 3.1, the conclusion then follows.
2

We remark that Lemmas 3.4 and 3.5 do not apply to the case p 3
(mod 4) since 1 62QR(p). Therefore, for the case p 3 (mod 4), we
need to nd other new constructions.In what follows, we will
construct a 36-regular 2-(36p; 4; 1)-CDP and a 48-regular 2-(48p;
4; 1)-CDP for any prime p 3 (mod 4) by explicitly presenting their
base blocks.

Lemma 3.10 Let p 3 (mod 4) be a prime. Then a 36-regular 2-(36p;
4; 1)-CDP exists.

Proof We divide the problem into four cases according to the
congruence classes of p(mod 24).

Case 1: p 7 (mod 24).In this case, 1 2 NQR(p), 2 2 QR(p), and 3
2 NQR(p). The desired 36-regular

2-(36p; 4; 1)-CDP consists of the following base blocks based on
the additive group of
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Zp Z36 being isomorphic to Z36p, where x 2 QR(p):f(0; 0); (1;
0); (3; 1); (4; 3)g(x; 1);

f(0; 0); (1; 2); (1; 9); (2; 13)g(x; 1);f(0; 0); (1; 4); (2;
17); (1; 22)g(x; 1);f(0; 0); (1; 5); (1; 12); (2; 20)g(x; 1);f(0;
0); (1; 6); (1; 14); (2; 26)g(x; 1);f(0; 0); (1; 6); (1; 15); (3;
25)g(x; 1):

Case 2: p 11 (mod 24).In this case, 1 2 NQR(p), 2 2 NQR(p), and
3 2 QR(p). The desired 36-regular

2-(36p; 4; 1)-CDP consists of the following base blocks based on
the additive group ofZp Z36 being isomorphic to Z36p, where x 2
QR(p):

f(0; 0); (1; 0); (3; 1); (2; 3)g(x; 1);f(0; 0); (1; 2); (1; 9);
(2; 13)g(x; 1);f(0; 0); (1; 4); (2; 17); (1; 22)g(x; 1);f(0; 0);
(1; 5); (2; 12); (2; 20)g(x; 1);

f(0; 0); (1; 6); (1; 14); (3; 26)g(x; 1);f(0; 0); (1; 6); (1;
15); (2; 25)g(x; 1):

Case 3: p 19 (mod 24).In this case, 1 2 NQR(p), 2 2 NQR(p), and
3 2 NQR(p). The desired 36-regular

2-(36p; 4; 1)-CDP consists of the following base blocks based on
the additive group ofZp Z36 being isomorphic to Z36p, where x 2
QR(p):

f(0; 0); (1; 0); (2; 1); (1; 3)g(x; 1);f(0; 0); (1; 2); (1; 9);
(2; 13)g(x; 1);

f(0; 0); (1; 4); (3; 17); (1; 22)g(x; 1);f(0; 0); (1; 5); (3;
12); (2; 20)g(x; 1);f(0; 0); (4; 6); (1; 14); (2; 26)g(x; 1);f(0;
0); (2; 6); (4; 15); (3; 25)g(x; 1):

Case 4: p 23 (mod 24).In this case, 1 2 NQR(p), 2 2 QR(p), and 3
2 QR(p). The desired 36-regular

2-(36p; 4; 1)-CDP consists of the following base blocks based on
the additive group ofZp Z36 being isomorphic to Z36p, where x 2
QR(p):

f(0; 0); (4; 0); (2; 1); (1; 3)g(x; 1);f(0; 0); (3; 2); (1; 9);
(4; 13)g(x; 1);

f(0; 0); (1; 4); (2; 17); (3; 22)g(x; 1);
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f(0; 0); (1; 5); (2; 12); (2; 20)g(x; 1);f(0; 0); (3; 6); (1;
14); (2; 26)g(x; 1);

f(0; 0); (3; 6); (2; 15); (1; 25)g(x; 1):

Combining the above four cases, we then know that the assertion
is true. 2

Lemma 3.11 Let p 3 (mod 4) be a prime. Then a 48-regular 2-(48p;
4; 1)-CDP exists.

Proof We divide the problem into four cases according to the
congruence classes of p(mod 24).

Case 1: p 7 (mod 24).In this case, 1 2 NQR(p), 2 2 QR(p), and 3
2 NQR(p). The desired 48-regular

2-(48p; 4; 1)-CDP consists of the following base blocks based on
the additive group ofZp Z48 being isomorphic to Z48p, where x 2
QR(p):

f(0; 0); (2; 0); (1; 1); (1; 3)g(x; 1);f(0; 0); (1; 2); (1; 9);
(2; 13)g(x; 1);f(0; 0); (1; 4); (1; 15); (2; 20)g(x; 1);f(0; 0);
(1; 5); (1; 22); (2; 28)g(x; 1);f(0; 0); (2; 6); (1; 19); (3;
31)g(x; 1);

f(0; 0); (1; 7); (2; 22); (2; 34)g(x; 1);f(0; 0); (2; 8); (1;
18); (2; 27)g(x; 1);f(0; 0); (2; 8); (1; 18); (2; 32)g(x; 1):

Case 2: p 11 (mod 24).In this case, 1 2 NQR(p), 2 2 NQR(p), and
3 2 QR(p). The desired 48-regular

2-(48p; 4; 1)-CDP consists of the following base blocks based on
the additive group ofZp Z48 being isomorphic to Z48p, where x 2
QR(p):

f(0; 0); (1; 0); (2; 1); (3; 3)g(x; 1);f(0; 0); (1; 2); (1; 9);
(2; 13)g(x; 1);

f(0; 0); (1; 4); (2; 15); (1; 20)g(x; 1);f(0; 0); (1; 5); (1;
22); (3; 28)g(x; 1);f(0; 0); (1; 6); (1; 19); (2; 31)g(x; 1);

f(0; 0); (1; 7); (3; 22); (1; 34)g(x; 1);f(0; 0); (1; 8); (3;
18); (2; 27)g(x; 1);

f(0; 0); (4; 8); (3; 18); (1; 32)g(x; 1):

Case 3: p 19 (mod 24).

14


	
In this case, 1 2 NQR(p), 2 2 NQR(p), and 3 2 NQR(p). The
desired 48-regular2-(48p; 4; 1)-CDP consists of the following base
blocks based on the additive group ofZp Z48 being isomorphic to
Z48p, where x 2 QR(p):

f(0; 0); (1; 0); (2; 1); (1; 3)g(x; 1);f(0; 0); (1; 2); (1; 9);
(2; 13)g(x; 1);

f(0; 0); (1; 4); (3; 15); (1; 20)g(x; 1);f(0; 0); (1; 5); (2;
22); (1; 28)g(x; 1);f(0; 0); (1; 6); (1; 19); (3; 31)g(x; 1);

f(0; 0); (2; 7); (1; 22); (3; 34)g(x; 1);f(0; 0); (3; 8); (2;
18); (1; 27)g(x; 1);f(0; 0); (4; 8); (1; 18); (2; 32)g(x; 1):

Case 4: p 23 (mod 24).In this case, 1 2 NQR(p), 2 2 QR(p), and 3
2 QR(p). The desired 48-regular

2-(48p; 4; 1)-CDP consists of the following base blocks based on
the additive group ofZp Z48 being isomorphic to Z48p, where x 2
QR(p):

f(0; 0); (4; 0); (2; 1); (1; 3)g(x; 1);f(0; 0); (3; 2); (1; 9);
(2; 13)g(x; 1);

f(0; 0); (1; 4); (1; 15); (3; 20)g(x; 1);f(0; 0); (1; 5); (2;
22); (2; 28)g(x; 1);f(0; 0); (3; 6); (1; 19); (1; 31)g(x; 1);

f(0; 0); (2; 7); (1; 22); (2; 34)g(x; 1);f(0; 0); (1; 8); (2;
18); (1; 27)g(x; 1);f(0; 0); (1; 8); (1; 18); (2; 32)g(x; 1):

Therefore the assertion is true. 2

The results obtained in this section will be utilized to create
more new maximum2-(v; 4; 1)-CDP's, or equivalently (by Theorem
2.1), optimal (v; 4; 1)-OOC's, for v 0 (mod 24).

4 g-Regular 2-(v; 4; 1)-CDP's for Small Order v

>From now on, we try to establish the existence of a maximum
2-(v; 4; 1)-CDP's withv 0 (mod 24). We will rst construct several
g-regular 2-(v; 4; 1)-CDP's with smallorder v. Before proceeding,
we describe the concept of a group divisible design, or
briey,GDD.

Let k be a positive integer not less than 2. A group divisible
design k-GDD is a triple(X ;G;B) which satises the following four
properties:
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(1) X is a nite set of points;(2) G is a partition of X into
subsets called groups;(3) B is a collection of k-subsets of X
called blocks, such that every pair of points from

distinct groups occurs in exactly one block; and

(4) no pair of distinct points belonging to the same group
occurs in any block.

The group type (or type) of the GDD is the list (jGj : G 2 G).
The usual exponentialnotation will be used to describe types. Thus
a GDD of type tu11 tunn is one in whichthere are ui groups of size
ti, 1 i n.

Given positive integers n and u, dene Iu = f1; 2; : : : ; ug and
X = Iu Zn. Theelements of X are denoted by (i; a); i 2 Iu; a 2 Zn.
A k-GDD of type nu based on pointset X having group set G = ffigZn
: i 2 Iug and block set B is said to be n-cyclic (see[11]), if for
any B 2 B, adding 1 2 Zn successively to the second coordinate of
each pointof B 2 B modulo n always gives n distinct blocks of B.
Such a GDD is also denoted byGD(k; 1; n;nu) in [19].

According to the denition, it is easily seen that any n-regular
2-(nu; k; 1)-CDP isalso an n-cyclic k-GDD of type nu. Yin [19]
found the following composition theorem for2-(v; k; 1)-CDP's.

Lemma 4.1 ([19]) Suppose that both a g-regular 2-(u; h; 1)-CDP
and an n-cyclic k-GDDof type nh exist. Then an ng-regular 2-(nu; k;
1)-CDP also exists. Furthermore, if amaximum 2-(ng; k; 1)-CDP
exists, then so does a maximum 2-(nu; k; 1)-CDP.

Lemma 4.2 There exist g-regular 2-(v; 5; 1)-CDP's for (g; v) =
(8; 128), (24, 144).

Proof The desired g-regular 2-(v; 5; 1)-CDP's are given by
listing the base blocks overZv, respectively, as follows:

(g; v) = (8; 128):

f0; 8; 30; 53; 63g; f0; 13; 40; 90; 97g;f0; 14; 25; 81; 116g;
f0; 15; 34; 36; 54g;f0; 17; 60; 66; 69g; f0; 24; 28; 29; 70g:

(g; v) = (24; 144):

f0; 4; 23; 49; 63g; f0; 5; 7; 22; 75g;f0; 8; 28; 39; 55g; f0; 9;
38; 82; 103g;f0; 10; 13; 56; 93g; f0; 25; 57; 58; 92g:

2
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>From [19], there exists a 3-cyclic 4-GDD of type 35.
Applying Lemmas 4.1 and 4.2,we obtain the following two useful
examples.

Lemma 4.3 There exist g-regular 2-(v; 4; 1)-CDP's for (g; v) =
(24; 384), (72; 432).

For later use, we quote several known examples of g-regular
2-(v; 4; 1)-CDP's.

Lemma 4.4 There exist g-regular 2-(gu; 4; 1)-CDP's for (g; u) =
(24; 6), (24; 9), (24; 12).

Proof These desired g-regular 2-(gu; 4; 1)-CDP's can be found in
[3]. 2

With the aid of a computer, we have found a few more examples of
g-regular 2-(v; 4; 1)-CDP's.

Lemma 4.5 There exist g-regular 2-(gu; 4; 1)-CDP's for (g; u) =
(12; 8), (24; 8), (24; 10).

Proof The base blocks of the desired g-regular 2-(gu; 4;
1)-CDP's are listed below:

(g; u) = (12; 8):

f0; 1; 4; 6g; f0; 7; 34; 43g;f0; 10; 22; 33g; f0; 13; 50;
65g;f0; 14; 39; 68g; f0; 17; 35; 55g;f0; 19; 45; 66g:

(g; u) = (24; 8):

f0; 18; 39; 62g; f0; 26; 54; 83g;f0; 31; 73; 106g; f0; 34; 93;
131g;f0; 35; 87; 137g; f0; 41; 92; 139g;f0; 43; 111; 113g; f0; 9;
12; 13g;f0; 10; 15; 37g; f0; 11; 76; 82g;f0; 14; 77; 146g; f0; 17;
84; 91g;f0; 19; 49; 85g; f0; 20; 45; 134g:

(g; u) = (24; 10):

f0; 28; 61; 93g; f0; 35; 71; 109g;f0; 39; 83; 124g; f0; 42; 118;
165g;f0; 46; 112; 167g; f0; 48; 107; 161g;f0; 51; 108; 177g; f0;
53; 111; 178g;

f0; 9; 22; 23g; f0; 11; 37; 45g;f0; 12; 94; 96g; f0; 15; 103;
106g;f0; 16; 21; 102g; f0; 17; 104; 168g;f0; 18; 95; 234g; f0; 19;
68; 97g;f0; 25; 52; 56g; f0; 43; 135; 142g:
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25 A Few Incomplete Dierence Matrices

Incomplete dierence matrices (or briey, IDM's) over Zv have
played an important rolein the construction of g-regular 2-(v; k;
1)-CDP's for v 0 (mod 648) (see [3]). In factthey are also
indispensable for us here to show that an optimal (v; 4; 1) optical
orthogonalcode exists for any positive integer v 0 (mod 24). We rst
introduce the denition ofan incomplete dierence matrix as
follows.

Let (G; ) be a nite group of order v and H a subgroup of order h
in G. An H-regular (v; k; ) incomplete dierence matrix over G is a
k (v h) matrix D = (dij),0 i k1, 1 j (vh), with entries from G,
such that for any 0 i < j k1,the list

(dild1jl : 1 l (v h))contains every element of G nH exactly
times. When G is an abelian group, typicallyadditive notation is
used, so that the dierences dil djl are employed. In what
follows,we assume that G = Zv, and H is a subgroup of order h in
Zv. In this case, H = fi vh :0 i h 1g. We usually denote an
H-regular (v; k; ) incomplete dierence matrixover Zv by h-regular
IDM(v; k; ) if jHj = h. When H = ;, or equivalently h = 0,
anH-regular (v; k; ) incomplete dierence matrix is termed as (v; k;
) dierence matrixand denoted by DM(v; k; ). Dierence matrices have
been investigated extensively, see,for example, [6] and the
references therein. Here is one easy example.

Lemma 5.1 ([7]) Let v and k be positive integers such that
gcd(v; (k 1)!) = 1. Letdij ij (mod v) for i = 0; 1; : : : ; k 1 and
j = 0; 1; : : : ; v 1. Then D = (dij) isa DM(v; k; 1) over Zv. In
particular, if v is an odd prime number, then there exists aDM(v;
k; 1) over Zv for any integer k, 2 k v.

Chang and Miao [3] used incomplete dierence matrices over Zv to
construct 2-(v; 4; 1)-CDP's. One of the results in [3] is the
following.

Lemma 5.2 ([3]) If a 2-regular IDM(m; 4; 1) over Zm exists, then
so do a 4m-regular2-(64m; 4; 1)-CDP and a 12m-regular 2-(72m; 4;
1)-CDP.

In order to construct 2-(v; 4; 1)-CDP's for v 0 (mod 24), we
need the knowledge onincomplete dierence matrices over Zv. For
incomplete dierence matrices over Zv, wealso have the following
known results.

Lemma 5.3 ([3]) There exists a 2-regular IDM(v; 4; 1) over Zv
for any positive integerv of the following types:
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(1) v = 2n for any integer n 3.(2) v = 12; 24.

The next lemma is obvious but very useful.

Lemma 5.4 If both an s-regular IDM(m; k; 1) over Zm and an
h-regular IDM(s; k; 1)over Zs exist, then so does an h-regular
IDM(m; k; 1) over Zm.

A transversal design TD(k; n) is k-GDD of type nk. In such a
TD(k; n), each blockmeets each group in exactly one point, and
there are totally n2 blocks. Let (X ;G;B) bea TD(k; n). If a
sub-collection B0 of blocks in B forms a partition of the point set
X ,then B0 is called a resolution class of this TD(k; n). It is
well known that a TD(k; n) isequivalent to k 2 mutually orthogonal
Latin squares of order n, and a TD(k; n) havinga resolution class
is equivalent to k 2 mutually orthogonal idempotent Latin squares
oforder n.

Lemma 5.5 ([3]) If both a g-regular 2-(v; k; 1)-CDP and a TD(k;
k) having a resolutionclass exist, then so does a g-regular IDM(v;
k; 1) over Zv.

Here are a few new incomplete dierence matrices over Zv.

Lemma 5.6 There exists an 8-regular IDM(48; 4; 1) over Z48.

Proof An 8-regular IDM(48; 4; 1) over Z48 can be displayed as
(B0 j B1 j B2 j B3), whereBk = (di+k;j) for 0 k 3, 0 i 3, 1 j 4884
= 10, and the subscripts are takenmodulo 4. B0 = (dij), 0 i 3, 1 j
10, is listed as follows:

0 0 0 0 0 0 0 0 0 01 2 3 4 5 7 8 10 11 1410 15 25 27 31 32 29 26
28 132 4 10 7 14 3 13 21 19 28

2

Lemma 5.7 There exists a 2-regular IDM(32t; 4; 1) over Z32t for
each integer t suchthat 2 t 7.

Proof The cases t = 2; 3 are covered by Lemma 5.3. The case t =
4 can be settled asfollows. By Lemma 5.3, there exists a 2-regular
IDM(8; 4; 1) over Z8. By Lemma 5.6,there exists an 8-regular
IDM(48; 4; 1) over Z48. Then by applying Lemma 5.4, we obtaina
2-regular IDM(48; 4; 1) over Z48. The remaining cases can be solved
in a similar way.By Lemmas 4.3 and 4.5, there exists a g-regular
2-(v; 4; 1)-CDP for (g; v) 2 f(12; 96),(24; 192), (24; 384)g. By
applying Lemma 5.5 with the known fact that a TD(4; 4) havinga
resolution class exists, we obtain a g-regular IDM(v; 4; 1) over Zv
for any pair (g; v) 2f(12; 96), (24; 192), (24; 384)g. Hence, by
Lemmas 5.3 and 5.4, we know that there existsa 2-regular IDM(v; 4;
1) over Zv for any v 2 f96; 192; 384g. 2
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Theorem 5.8 There exists a 2-regular IDM(32n; 4; 1) over Z32n
for any integer n 2.

Proof Use induction on n. The cases 2 n 7 are settleed in Lemma
5.7. Sup-pose that there exists a 2-regular IDM(32t; 4; 1) over
Z32t for each integer t such that2 t n, where n 7. We are going to
prove that there also exists a 2-regularIDM(32n+1; 4; 1) over
Z32n+1 . From the hypothesis, we know that there exist a 2-regular
IDM(32n5; 4; 1) over Z32n5 and a 2-regular IDM(32n3; 4; 1) over
Z32n3 . ByLemma 5.2, there exists a 432n5-regular 2-(6432n5; 4;
1)-CDP. By Lemma 5.5, a32n3-regular IDM(32n+1; 4; 1) over Z32n+1
exists. Then by Lemma 5.4, a 2-regularIDM(32n+1; 4; 1) over Z32n+1
exists immediately. This shows that a 2-regular IDM(32n,4, 1) over
Z32n exists for any integer n 2. 2

6 Existence of Optimal (v; 4; 1)-OOC's with v 0 (mod24)

Now we can tackle the existence problem of optimal (v; 4;
1)-OOC's for v 0 (mod 24).We rst quote three known constructions
due to Yin [19].

Lemma 6.1 ([19]) Suppose that both a g-regular 2-(v; k; 1)-CDP
and a maximum 2-(g; k; 1)-CDP exist. Then a maximum 2-(v; k; 1)-CDP
also exists. Moreover, if the given2-(g; k; 1)-CDP is r-regular,
then so is the resultant 2-(v; k; 1)-CDP.

Lemma 6.2 ([19]) Suppose that both a g-regular 2-(v; k; 1)-CDP
and a DM(m; k; 1) overZm exist. Then so does a gm-regular 2-(mv; k;
1)-CDP.

Lemma 6.3 ([19]) Suppose that p1 and p2 k are two odd primes. If
both a g-regular2-(gp1; k; 1)-CDP and a maximum 2-(gp2; k; 1)-CDP
exist, then so does a maximum 2-(gp1p2; k; 1)-CDP. Moreover, if the
given 2-(gp2; k; 1)-CDP is g-regular, then so is theresultant
2-(gp1p2; k; 1)-CDP.

We will settle the existence problem of optimal (v; 4; 1)-OOC's
for v 0 (mod 24)step by step.

Lemma 6.4 There exists a g-regular 2-(32n; 4; 1)-CDP for any
integer n 3 whereg = 24, or 48, or 96.

Proof The cases 3 n 5 are degenerate and thus obvious. The cases
n = 6; 7 arecovered by Lemmas 4.5 and 4.3. Now we consider the case
n 8. By Theorem 5.8, thereexists a 2-regular IDM(32n6; 4; 1) over
Z32n6 for any integer n 8. By Lemma 5.2,there exists a
432n6-regular 2-(6432n6; 4; 1)-CDP, i.e., a 32n4-regular 2-(32n; 4;
1)-CDP. By induction on n, the conclusion then follows immediately
from Lemma 6.1.2
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Lemma 6.5 There exists a g-regular 2-(92n; 4; 1)-CDP for any
integer n 3 whereg = 24, or 48, or 72, or 96.

Proof The case n = 3 is degenerate and thus obvious. Lemma 4.4
covers the casesn = 4; 5. Now we consider the case n 6. By Lemma
5.3, there exists a 2-regularIDM(2n3; 4; 1) over Z2n3 for any
integer n 6. By Lemma 5.2, there exists a 122n3-regular 2-(722n3;
4; 1)-CDP, i.e., a 32n1-regular 2-(92n; 4; 1)-CDP. By applying
Lem-mas 6.4 and 6.1, we obtain a g-regular 2-(92n; 4; 1)-CDP, where
g = 24, or 48, or 72, or96. Then the conclusion follows from the
induction on n. 2

Lemma 6.6 There exists a g-regular 2-(272n; 4; 1)-CDP for any
integer n 3 whereg = 24, or 48, or 72, or 96.

Proof The cases n = 3 and 4 are covered by Lemma 4.4 and Lemma
4.3, respectively.Now we assume that n 5. By Theorem 5.8, there
exists a 2-regular IDM(32n3; 4; 1)over Z32n3 for any integer n 5.
By Lemma 5.2, there exists a 1232n3-regular 2-(7232n3; 4; 1)-CDP,
i.e., a 92n1-regular 2-(272n; 4; 1)-CDP. By applying Lemmas 6.5and
6.1, we know that there exists a g-regular 2-(272n; 4; 1)-CDP,
where g = 24, or 48,or 72, or 96. The conclusion then is clearly
true by induction. 2

Lemma 6.7 There exists a 24- or 120-regular 2-(485n; 4; 1)-CDP
for any integer n 2.

Proof There exist a 24-regular 2-(240; 4; 1)-CDP from Lemma 4.5
and a DM(5n1; 4; 1)over Z5n1 for any integer n 2 from Lemma 5.1,
respectively. So there exists a 245n1-regular 2-(2405n1; 4; 1)-CDP,
i.e., a 245n1-regular 2-(485n; 4; 1)-CDP, by Lemma 6.2.Since 24521
= 120, the case n = 2 is then settled. Now we consider the case n
3. ByLemma 3.9, there exists a 24-regular (245n1; 4; 1)-CDP for any
integer n 3. Then byLemma 6.1, there exists a 24-regular 2-(485n;
4; 1)-CDP. This completes the proof. 2

Lemma 6.8 There exists a 48-regular 2-(48u; 4; 1)-CDP for any
integer u such thatgcd(u; 30) = 1.

Proof When gcd(u; 30) = 1, u can be written as u = pn11 pn22
pnff , where each pi is a

prime number greater than 5. Then applying Lemma 6.3 iterately
with Lemmas 3.5 and3.11, we obtain the desired 48-regular 2-(48u;
4; 1)-CDP. 2

Lemma 6.9 There exists a g-regular 2-(48u; 4; 1)-CDP for any
integer u such that gcd(u,6) = 1 and gcd(u; 25) = 1 or 25, where g
= 24, or 48, or 120.

Proof When gcd(u; 25) = 1, the conclusion follows immediately
from Lemma 6.8. Whengcd(u; 25) = 25, u can be written as u = 5nu0,
where gcd(u0; 235) = 1 and n 2. ByLemma 6.8, there is a 48-regualr
2-(48u0; 4; 1)-CDP. Since there is a DM(5n; 4) over Z5nfor any
integer n 2, by Lemma 6.2, there exists a 485n-regular 2-(48u05n;
4; 1)-CDP,i.e., a 485n-regular 2-(48u; 4; 1)-CDP. By Lemmas 6.1 and
6.7, there exists a g-regular2-(48u; 4; 1)-CDP, where g = 24 or
120. 2
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Theorem 6.10 There exists a maximum 2-(2s3tu; 4; 1)-CDP for any
integers s 3,1 t 3, and u such that gcd(u; 6) = 1.

Proof By Lemma 5.1 there is a DM(u; 4; 1) over Zu if gcd(u; 6) =
1. Starting with ag-regular 2-(2s3t; 4; 1)-CDP, where g = 24, or
48, or 72, or 96, from Lemmas 6.4, 6.5 and6.6, and applying Lemma
6.2 with m = u, we obtain a gu-regular 2-(2s3tu; 4; 1)-CDP forg =
24, or 48, or 72, or 96. Now we divide the problem into two cases
to consider.

Case 1: gcd(u; 25) = 1 or 25.

By Lemma 3.9, there exist a 24-regular 2-(24u; 4; 1)-CDP and a
72-regular 2-(72u; 4; 1)-CDP. By Lemma 6.9, there exists a 24- or
48- or 120-regular 2-(48u; 4; 1)-CDP. By Lem-mas 3.1 and 3.7, there
exists a 96-regular 2-(96u; 4; 1)-CDP. Then by Lemma 6.1, we
knowthat there exists a g-regular 2-(2s3tu; 4; 1)-CDP, where g =
24, or 48, or 72, or 96, or 120.Example 1.1, Lemmas 1.2 and 4.5
showed the existence of maximum 2-(g; 4; 1)-CDP's forg = 24; 48;
72; 96; 120. By Lemma 6.1, a maximum 2-(2t3su; 4; 1)-CDP then
exists.

Case 2: gcd(u; 25) = 5.

Let u = 5u0. Then gcd(u0; 25) = 1. A similar proof as Case 1
gives a g-regular 2-(2s3tu0; 4; 1)-CDP, where g = 24, or 48, or 72,
or 96, or 120. Applying Lemma 6.2 withm = 5, we obtain a 5g-regular
2-(2s3t5u0; 4; 1)-CDP, i.e., a 5g-regular 2-(2s3tu; 4; 1)-CDP. By
Example 1.1, Lemmas 1.2 and 4.5, there exist maximum 2-(5g; 4;
1)-CDP'sfor g = 24; 48; 72; 120. Applying Lemma 6.2 with a
12-regular 2-(96; 4; 1)-CDP fromLemma 4.5 and a DM(5; 4; 1) over Z5
from Lemma 5.1, we obtain a 512-regular 2-(596; 4; 1)-CDP. >From
Lemma 1.3, a maximum 2-(60; 4; 1)-CDP exists, which impliesthat a
maximum 2-(596; 4; 1)-CDP also exists. Hence, by Lemma 6.1, there
exists amaximum 2-(2s3tu; 4; 1)-CDP. 2

Chang and Miao [3] obtained the following result.

Theorem 6.11 ([3]) There exists a maximum 2-(2s3tu; 4; 1)-CDP
for any integers s 3,t 4, and u such that gcd(u; 6) = 1.

So nally, we are able to state our main existence result of this
paper.

Theorem 6.12 There exists an optimal (v; 4; 1)-OOC for every
positive integer v 0 (mod 24).

Proof For any positive integer v 0 (mod 24), v can be written as
v = 2s3tu, wheres 3, t 1, and u is a positive integer such that
gcd(u; 6) = 1. The conclusion thenfollows immediately from Theorems
6.10, 6.11 and 2.1. 2
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7 Conclusion

In this paper, we presented several new direct constructions for
optimal (v; 4; 1)-OOC'swith v 0 (mod 12). Some of the constructions
are based on the knowledge of skewstarters and Weil's theorem on
character sums, and some are obtained by listing theexplicit
codewords of the optimal optical orthogonal codes. As a
consequence, togetherwith some new incomplete dierence matrices
over Zv, it is shown that an optimal (v; 4; 1)-OOC exists for every
positive integer v 0 (mod 24). Combining the known results,
theexistence problem for an optimal (v; 4; 1)-OOC is settled at
this moment for every positiveinteger v 0; 6; 18 (mod 24).
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