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SomeExamplesWegivesomeexamplesofdesignproblemsinengineeringthatcanbeformulatedasmath-ematicaloptimizationproblems.
Althoughweemphasizehereengineeringdesign,optimiza-tioniswidelyusedinothereldssuchaseconomicsoroperationsresearch.
Suchexamplescanbefound,e.g.,in[18].Example1.1Designofanoperationalamplier(opamp)Supposethefollowingfeatures(specications)aredesired1.
alargegain-bandwidthproduct2. sucientstability3.
lowpowerdissipationInthiscourse, wedeal withparametricoptimization.
Thismeans, forthisexample,
thatweassumethetopologyofthecircuithasalreadybeenchosen,
theonlyfreedomleftbeingthechoiceof thevalueof anumberof
designparameters(resistors, capacitors, varioustransistor
parameters). In real world, once the parametric optimization has
been
performed,thedesignerwillpossiblydecidetomodifythetopologyofhiscircuit,hopingtobeabletoachieve
better performances. Another parametric optimization is then
performed. This
loopmayberepeatedmanytimes.Toformulatetheopampdesignproblemasanoptimizationproblem,
onehastospec-ifyone(possiblyseveral)objectivefunction(s)andvariousconstraints.
Wedecideforthefollowinggoal:minimize thepowerdissipatedsubjectto
gain-bandwidthproduct M1(given)frequencyresponse
M2atallfrequencies.Thelastconstraintwill prevent
twohighapeakinginthefrequencyresponse,
therebyensuringsucientclosed-loopstabilitymargin.
Wenowdenotebyxthevectorof designparametersCopyright c
_19932011,AndreL.Tits. AllRightsReserved 3MotivationandScopex =
(R1, R2, . . . , C1, C2, . . . , i, . . .) RnForanygivenx,
thecircuitisnowentirelyspeciedandthevariousquantitiesmentionedabovecanbecomputed.
Moreprecisely,wecandeneP(x) =powerdissipatedGB(x)
=gain-bandwidthproductFR(x, )
=frequencyresponse,asafunctionofthefrequency.WethenwritetheoptimizationproblemasminP(x)[GB(x)
M1, FR(x, ) M2 (1.1)where=[1, 2] isa range ofcritical
frequencies.Toobtain a canonicalform, wenowdenef(x) := P(x)
(1.2)g(x) := M1GB(x) (1.3)(x, ) := FR(x, )
M2(1.4)andweobtainminf(x)[g(x) 0, (x, ) 0 (1.5)Note.
Wewillsystematicallyusenotationssuchasminf(x)[g(x)
0nottojustindicatetheminimumvalue,butratherasashort-handforminimize
f(x)subjectto g(x) 0Moregenerally,onewouldhaveminf(x)[gi(x) 0, i
=1, 2, . . . , m, i(x, ) 0, i, i =1, . . . , k. (1.6)Ifwedeneg:
RnRmbyg(x) =__g1(x)...gm(x)__(1.7)4 Copyright c
_1993-2011,AndreL.Tits.
AllRightsReserved1.1SomeExamplesand,assumingthatalltheisareidentical,ifwedene
: Rn Rkby(x, ) =__1(x, )...k(x, )__(1.8)weobtainagainminf(x)[g(x)
0, (x, ) 0 (1.9)[Thisis called a semi-innite optimization problem:
nitelymany variables,innitelymanyconstraints.]Note. Ifwedenei(x) =
supi(x, ) (1.10)(1.9)isequivalenttominf(x)[g(x) 0, (x) 0
(1.11)(moreprecisely, x[(x, ) 0 =x[(x)
0)and(x)canbeabsorbedintog(x).Exercise1.1Provetheequivalencebetween(1.9)
and(1.11). (ToproveA=B, proveA BandB
A.)Thistransformationmaynotbeadvisable,forthefollowingreasons:(i)
somepotentiallyuseful information(e.g., whatarethecritical values
of )islostwhenreplacing(1.9)by(1.11)(ii) for givenx, (x) maynot be
computable exactlyinnite time (this
computationinvolvesanotheroptimizationproblem)(iii) may not be
smooth even when is, as shown in the exercise below. Thus (1.11)
maynotbesolvablebyclassicalmethods.Exercise1.2Supposethat: Rn
Riscontinuousandthatiscompact,
sothatthesupin(1.10)canbewrittenasamax.(a) Showthatiscontinuous.(b)
Byexhibitingacounterexample,showthattheremightnotexistacontinuousfunction()suchthat,forall
x,(x) = (x, (x)).Exercise1.3Again referring to (1.10), show, by
exhibiting counterexamples, that continuityof
isnolongerguaranteedif either(i)iscompactbut
ismerelycontinuousineachvariableseparatelyor(ii)isjointlycontinuousbutisnotcompact,evenwhenthesupin(1.10)isachievedforall
x.Copyright c _19932011,AndreL.Tits. AllRightsReserved
5MotivationandScopeExercise1.4Referringstill to(1.10), exhibit
anexamplewhere C(all
derivativesexistandarecontinuous),whereiscompact,butwhereisnoteverywheredierentiable.However,
inthiscourse, wewilllimitourselvesmostlytoclassical
(nonsemi-innite)prob-lems(andwillgenerallyassumecontinuousdierentiability),i.e.,toproblemsoftheformminf(x)
: g(x) 0, h(x) =0wheref: RnR, g: RnRm, h :
RnR,forsomepositiveintegersn,mand.Remark1.1Tottheopampdesignproblemintoformulation(1.11)wehadtopickoneof
the design specications as objective (to be minimized). Intuitively
more appealing
wouldbesomekindofmultiobjectiveoptimizationproblem.Example1.2Designofap.i.dcontroller(proportional-integral-derivative)ThescalarplantG(s)istobecontrolledbyap.i.d.
controller(seeFigure1.1). Again,thestructure of the controller has
already been chosen; only the values of three parameters
havetobedetermined(x = [x1, x2, x3]T).R(s)E(x,s) Y(x,s)T(x,s)+x+ xs
+ 1 23sxG(s) Figure1.1:Supposethespecicationsareasfollows
lowvalueof theISEforastepinput(ISE=integral of thesquareof
thedierence(error)betweeninputandoutput,intimedomain)
enoughstability shortrisetime,settlingtime,lowovershootWe decide
tominimize the ISE, while keepingthe Nyquist plot of T(x, s)
outside
someforbiddenregion(seeFigure1.2)andkeepingrisetime,settlingtime,andovershootundergivenvalues.Thefollowingconstraintsarealsospecied.10
x1 10 , 10 x2 10 , .1 x3 10Exercise1.5Putthep.i.d.
problemintheform(1.6),i.e.,specifyf,gi,i,i.6 Copyright c
_1993-2011,AndreL.Tits.
AllRightsReserved1.1SomeExamplesparabolaT(x,jw)y=(a+1)x-
b2w=ww=0(-1,0)1(t)u(t)TrTsTy(t)Figure1.2:T(x,
j)hastostayoutsidetheforbiddenregion [0, ]Forastepinput,y(x,
t)isdesiredtoremainbetweenl(t)andu(t)fort [0, T]Example1.3Consider
again a plant, possibly nonlinear and time varying, and suppose
wewanttodeterminethebestcontrolu(t)toapproachadesiredresponse. x =
F(x, u, t)y = G(x,
t)Wemaywanttodetermineu()tominimizetheintegralJ(u)
=_T0(yu(t)v(t))2dtwhereyu(t)istheoutputcorrespondingtocontrol
u()andv()issomereferencesignal.Variousfeaturesmayhavetobetakenintoaccount:
Constraintsonu()(forrealizability) piecewisecontinuous [u(t)[ umax
t Tmaybeniteorinnite x(0),x(T)maybefree,xed,constrained
Theentirestatetrajectorymaybeconstrained(x()), e.g.,
tokeepthetemperaturereasonable Onemayrequireaclosed-loopcontrol,
e.g., u(t) = u(x(t)). Itiswell
knownthatsuchfeedbackcontrolsystemsaremuchlesssensitivetoperturbationsandmodelingerrors.Copyright
c _19932011,AndreL.Tits. AllRightsReserved
7MotivationandScopeUnlike Example 1.1 and Example 1.2, Example 1.3
is an optimal control problem. Whereasdiscrete-timeoptimal control
problemscanbesolvedbyclassical
optimizationtechniques,continuous-time problems involve
optimizationininnite dimension spaces (a
completewaveformhastobedetermined).Toconcludethissectionwenowintroducetheclassofproblemsthatwillbestudiedinthiscourse.
Considertheabstractoptimizationproblem(P) minf(x) [ x SwhereSis
asubset of avector spaceXandwheref : XRis thecost or
objectivefunction. Sisthefeasibleset.
AnyxinSisafeasiblepoint.Denition1.1Apoint
xiscalleda(strict)globalminimizerfor(P)if x Sandf( x) f(x) x
S(0suchthatf( x) f(x) x S B( x, )( 0. [Hint: UsethefactthatJ(u) =
xT0x0.]Finally,
wediscusshow(ARE)canbesolveddirectly(withoutcomputingthelimitof(t)).
Intheprocess, weestablishthat,understabilizabilityof(A,
B)anddetectabilityof(C, A), is that unique stabilizing solution of
(ARE), hence the unique symmetric
positivesemi-denitesolutionof(ARE).ComputationofConsidertheHamiltonianmatrix(see(2.14))H=_A
BBTCTC AT_,andletK+beastabilizingsolutionto(ARE),i.e.,A
BBTK+isstable. LetT=_I 0K+I_.22 Copyright c _1993-2011,AndreL.Tits.
AllRightsReserved2.1Freeterminalstate,unconstrained,quadraticcostThenT1=_I
0K+I_.Now(elementaryblockcolumnandblockrowoperations)T1HT =_I 0K+I_
_A BBTL AT_ _I 0K+I_=_I 0K+I_ _ABBTK+BBTL ATK+AT_=_ABBTK+BBT0 (A
BBTK+)T_sinceK+isasolutionto(ARE).Itfollowsthat(H) = (A BBTK+) ((A
BBTK+)),where() denotes thespectrum(set of eigenvalues). Thus, if
(A, B) isstabilizableand(C, A)detectable(sosuchsolutionK+exists),
Hcannothaveanyimaginaryeigenvalues:It musthave n eigenvaluesin Cand
n eigenvaluesin C+. Furthermore the rstn
columnsofTformabasisforthestableinvariantsubspaceofH,i.e.,forthespanofallgeneralizedeigenvectorsofHassociatedwithstableeigenvalues(see,
e.g., Chapter13of[27] formoreonthis).Now suppose (ARE) has a
stabilizing solution, and let_S11S21_ be any basis for the
stableinvariantsubspaceofH,i.e.,letS=_S11S12S21S22_beanyinvertiblematrixsuchthatS1HS=_X
Z0 Y_forsomeX, Y, Zsuchthat(X) Cand(Y ) C+. (Notethat(H) = (X) (Y
).)Thenitmustholdthat,forsomenon-singularR,_S11S21_
=_IK+_R.ItfollowsthatS11= RandS21= K+R,thusK+= S21S111
.Wehavethusprovedthefollowing.Copyright c _19932011,AndreL.Tits.
AllRightsReserved 23LinearOptimalControl:
Some(Reasonably)SimpleCasesTheorem2.5Suppose(A,
B)isstabilizableand(C,
A)isdetectable,andletK+beasta-bilizingsolutionof (ARE).
ThenK+=S21S111 ,
where_S11S21_isanybasisforthestableinvariantsubspaceofH.
Inparticular,S21S111issymmetricandthereisexactlyonestabi-lizingsolutionto(ARE),namely
(whichis alsotheonlypositivesemi-denitesolution).Exercise2.6GivenJ
=_0 II 0_, anyreal matrixHthat satisesJ1HJ =
HTissaidtobeHamiltonian. Showthatif
HisHamiltonianandisaneigenvalueof H, thenalsois.2.2 Free terminal
state, constrained control values,
lin-earcostConsiderthelinearsystem(S) x(t) = A(t)x(t) + B(t)u(t), t
t0where A(), B() areassumedtobe piecewise continuous Incontrast
withthe
situationconsideredintheprevioussection,thecontroluisconstrainedtotakevaluesinaxedsetU
Rm. Accordingly,thesetofadmissiblecontrols,stilldenotedby |isnow|:=
u : [t0, t1] U, p.c..Giventhisconstraintonthevaluesof u(setU),
contrarytoChapter2, alinearcostfunctioncannowbemeaningful.
Accordingly,westartwiththefollowingproblem.Letc Rn, c ,=0, x0
Rnandlett1 t0beaxedtime. Weareconcernedwiththefollowingproblem.
Findacontrolu |soastominimize cTx(t1)s.t.dynamics x(t) = A(t)x(t) +
B(t)u(t) t0 t t1initialcondition x(t0) = x0nalcondition x(t1)
Rn(noconstraints)controlconstraint u |Remark2.4Foranyu |,
thesolutiontothegivenlineardierential
equationiswelldenedandunique.Notation: For anypiecewisecontinuousu
: [t0, tf] Rm,anyz Rnandt0 t1 t2 tf, let(t2, t1, z,
u)denotethestateattimet2ifattimet1thestateiszandcontrol
uisapplied,i.e.,let(t2, t1, z, u) = (t2, t1)z +_t2t1(t2,
)B()u()d.24 Copyright c _1993-2011,AndreL.Tits.
AllRightsReserved2.2Freeterminalstate,constrainedcontrolvalues,linearcostAlsoletK(t2,
t1, z) = (t2, t1, z, u) : u
|.Thissetiscalledreachableset.Denition2.2Theadjointsystemtosystem
x(t) = A(t)x(t)isgivenby p(t) = A(t)Tp(t).Let (t, ),t0 t tfbe
thestatetransitionmatrix for the givenlinear
system,i.e.,satisesthedierentialequationt (t, ) = A(t)(t,
)andtheboundarycondition(t, t) = IThenthestatetransitionmatrix(t,
)oftheadjointsystemisgivenby(t, ) = (,
t)T.Indeed,itisreadilycheckedthat,if x =
Ax,thenx(t)Tp(t)isconstant.Exercise2.7ProvethatddtA(t0, t) = A(t0,
t)A(t).Theorem2.6Letu |andletx(t) = (t, t0, x0, u), t0 t
tf.Letp(t)satisfytheadjointequation: p(t) = AT(t)p(t) t0 t
tfwithnalconditionp(tf) = cThenuisoptimalifandonlyifp(t)TB(t)u(t) =
infp(t)TB(t)v : v U (2.22)(implyingthattheinfisachieved)forall t
[t0, tf].
[Notethattheminimizationisnowoveranitedimensionspace.]Proof.
uisoptimalifandonlyif,forallu |cT[(tf, t0)x0 +_tft0(tf, )B()u()d]
cT[(tf, t0)x0 +_tft0(tf, )B()u()d]or,equivalently,_tft0((tf,
)Tc)TB()u()d _tft0((tf, )Tc)TB()u()dCopyright c
_19932011,AndreL.Tits. AllRightsReserved 25LinearOptimalControl:
Some(Reasonably)SimpleCasesAspointedoutabove,forp(t)asdened,p(t) =
(tf, t)Tp(tf) = (tf, t)TcSothatuisoptimalifandonlyi,forallu
|,_tft0p()TB()u()d _tft0p()TB()u()dandtheif
directionofthetheoremfollowsimmediately. Supposenowu
|isoptimal.LetDbethenitesubsetof[t0, tf]whereB()oruisdiscontinuous.
Weshowthat, ifuisoptimal,(2.22)issatised t , D.
Indeed,ifthisisnotthecase, t , D,v Us.t.p(t)TB(t)u(t) >
p(t)TB(t)v.Bycontinuity, thisinequalityholdsinaneighborhoodof t,
say [t t[ 0.Dene u |by u(t) =_v [t t[ < , t [t0, tf]u(t)
otherwiseThenitfollowsthat_tft0p(t)TB(t)u(t)dt >_tft0p(t)TB(t)
u(t)dtwhichcontradictsoptimalityofu.Corollary2.2Fort0 t t
t1,p(t)Tx(t) p(t)Txx K(t, t, x(t))
(2.23)Exercise2.8Provethecorollary.Because the problem under
consideration has no integral cost, the pre-Hamiltonian
Hdenedinsection2.1.1reducestoH(, , v, ) = T(A() +
B()v)andtheHamiltonian 1by1(, , ) = infH(, , v, ) : v
Uthen(sincepTA(t)xdoesnotinvolvethevariableu)condition(2.22)
canbewrittenasH(t, x(t), u(t), p(t)) = 1(t, x(t), p(t)) t
(2.24)This condition is known as Pontryagins Principle (the phrase
maximum principleis morecommonly used and corresponds to the
equivalent maximization of cTx(tf)). The previoustheorem states
that, for linear systems with linear objective functions,
Pontryagins
Principleprovidesanecessaryandsucientconditionofoptimality.26
Copyright c _1993-2011,AndreL.Tits.
AllRightsReserved2.3Fixedterminalstate,unconstrained,quadraticcostRemark2.51.
Let : RnRbe the terminal costfunction, denedby(x) =cTx. Thenp(t1) =
(x(t1)),justlikeinthecaseoftheproblemofsection2.1.2.
Linearityinuwasnotused.
Thustheresultappliestosystemswithdynamicsoftheform x(t) = A(t)x(t)
+ B(t, u(t))whereBis,say,acontinuousfunction.3. Theoptimal control
forthisproblemisindependentofx0!
(Thereasonisclearfromthersttwoequationsintheproof.)Exercise2.9Computetheoptimal
controluforthefollowing time-invariant data: t0= 0,t1= 1,A =
diag(1, 2),B= [1; 1],c = [2; 1]. Notethatuisnotcontinuous!
(Indeed,thisisaninstanceofabang-bangcontrol.)Fact. Let AandBbe
constant matrices, andsuppose there exists anoptimal controlu,
withcorrespondingtrajectoryx. Thenm(t)= 1(t, x(t),
p(t))isconstant(i.e.,
theHamiltonianisconstantalongtheoptimaltrajectory).Exercise2.10ProvethefactundertheassumptionthatU=
[, ].
(ThegeneralcasewillbeconsideredinChapter5.)Exercise2.11INCORRECT!
Supposethat Uiscompact andsupposethat thereexistsanoptimalcontrol.
AlsosupposethatB(t)vanishesatnomorethannitelymanypointst.Showthatthereexistsanoptimalcontrolusuchthatu(t)belongs
totheboundaryof Uforall t.Exercise2.12SupposeU= [,
],sothatB(t)isann 1matrix. SupposethatA(t) = Aand B(t) = Bare
constant matrices and A has n distinct real eigenvalues. Show that
there isanoptimal control uandt0 1< . . . n= t1(n=dimension
ofx)suchthatu(t) = oron[ti, ti+1), 0 i n. [Hint: rstshowthatp(t)TB=
1 exp(1t) +. . . +n exp(nt)forsomei, i R. Thenuseinduction.]2.3
Fixed terminal state, unconstrained,
quadraticcostBackgroundmaterialforthissectioncanbefoundinAppendixA.Question:
Givenx1 Rn, t1>t0, does thereexist u |suchthat, for
system(2.1),x(t1)=x1? If theanswertotheaboveisyes,
wesaythatx1isreachablefrom(x0, t0)attimet1. If
moreoverthisholdsforall x0, x1
Rnthenwesaythatthesystem(2.1)isreachableon[t0, t1].There is no loss
of generality in assuming that x1= , as shown by the following
exercise.Copyright c _19932011,AndreL.Tits. AllRightsReserved
27LinearOptimalControl: Some(Reasonably)SimpleCasesExercise2.13Dene
x(t) := x(t) (t, t1)x1. Then xsatisesddt x(t) = A(t) x(t) +
B(t)u(t).Conclude that, under dynamics (2.1), usteers (x0, t0)
to(x1, t1) if andonlyif it steers(x0(t0, t1)x1, t0)to(,
t1).Since(t0, t1)isinvertible,
itfollowsthatsystem(2.1)isreachableon[t0, t1]ifandonlyifit is
controllable on [t0, t1], i.e.,if and onlyif, givenx0, there
existsu |that steers(x0, t0)to(, t1).Note.
Equivalencebetweenreachabilityand controllability (tothe origin)
does not hold
inthediscrete-timecase,wherecontrollabilityisaweakerpropertythanreachability.Nowcontrollabilityto
(, t1) from(, t0), for some , is equivalent tosolvabilityof
theequation(inu |):(t1, t0) +t1_t0(t1, )B()u()d =
.Equivalently(multiplyingontheleft bythenon-singular matrix(t0,
t1)), (, t1) canbereachedfrom(, t0)ifthereexistsu |suchthat=
t1_t0(t0, )B()u()d.If isindeedreachableattimet1from(, t0),
wemightwantwant tosteer (,
t0)whilespendingtheleastamountenergy,i.e.,whileminimizingt1_t0u(t)Tu(t)dt.It
turnsoutthatthisoptimal control problemcanbesolvednicelybymakingof
thelinear algebraframeworkreviewedinAppendixA. Indeed, we have here
alinear
least-squaresproblemovertheinner-productvectorspaceofcontinuousfunctions
|= C[t0, t1]m.Toseethis,notethatL : | RndenedbyL(u) := t1_t0(t0,
)B()u()disalinearmap, andthat , : ||isaninnerproduct. Clearly,
isreachableattimet1from(, t0)ifandonlyif 1(L),
sothat(2.1)iscontrollableon[t0, t1] ifandonlyif1(L) = Rn.
Andourxedendpointminimumenergycontrolproblembecomes(FEP) minimize
u, u subjecttoL(u) = , u |.It follows that the unique optimal
control is given by the unique u 1(L) satisfying Lu = ,i,.e.,L,
whereLis the Moore-Penrosepseudo-inverseof L, associatedwith
innerproduct, . Specically,u = Ly,28 Copyright c
_1993-2011,AndreL.Tits.
AllRightsReserved2.3Fixedterminalstate,unconstrained,quadraticcostwhere
Lis the adjoint of L for inner product , , and where y is any point
in RnsatisfyingLLy= (andsuchpointsdoexist).
ItisshowninExerciseA.44ofAppendixAthatLisgivenby(Lx)(t) =
BT(t)T(t0, t)xwhichyieldsLLx = t1_t0(t0, )B()(Lx)()d=t1_t0(t0,
)B()BT()T(t0, )dx, x,i.e.,LL: RnRnisgivenbyLL=t1_t0(t0,
t)B(t)BT(t)T(t0, t)dt =: W(t0, t1).Since 1(L) =
1(LL),isreachableatt1from(, t0)ifandonlyif 1(W(t0,
t1)).ThematrixW(t0, t1)hasentries(W(t0, t1))ij=_(i(t0,
)B())T_T(j(t0, )B())T,where , is again the L2inner product, i.e.,
W(t0, t1) is the Gramian matrix (orGram matrix, or Gramian)
associated with the vectors (1(t0, )B())T, . . . , (n(t0,
)B())T,(=B()T(1(t0, ))T, . . . , B()T(n(t0, ))T), which are the
columns of the matrix B()T((t0,
))T).ItisknownasthecontrollabilityGramian.Itisinvertibleifandonlyif
1(L) = Rn,i.e.,ifandonlyifthesystemiscontrollableon[t0, t1].
Supposethisisthecaseandlet(x, t) := x (t,
t1)x1,sothatdenedearlierisgivenby= (x(t0),
t0).Theminimumenergycontrolthatsteers(x0, t0)to(x1,
t1)isthengivenbyu= L(LL)1(x(t0), t0)i.e.u(t) = BT(t)T(t0, t)W(t0,
t1)1(x(t0), t0) (2.25)Copyright c _19932011,AndreL.Tits.
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Some(Reasonably)SimpleCasesandthecorrespondingenergyisgivenbyu, u =
(x(t0), t0)TW(t0, t1)1(x(t0), t0).Notethat, asexpressedin(2.25),
u(t)dependsexplicitly, through(x0, t0),
ontheinitialstatex0andinitial timet0. Consequently, if
betweent0andthecurrenttimet, thestatehas been aected by an external
perturbation, uas expressed by (2.25) is no longer optimal(minimum
energy) over the remaining time interval [t, t1]. Let us address
this issue. At timet0,wehaveu(t0) = BT(t0)T(t0, t0)W(t0,
t1)1(x(t0), t0)= BT(t0)W(t0, t1)1(x(t0), t0) .Intuitively, this
must holdindependently of the value of t0, i.e., for the
problemunderconsideration, Bellmans Principleof Optimality holds:
independentlyof the initial state (att0), forutobeoptimal for(FEP),
itisnecessarythatuappliedfromthecurrenttimet t0up to the nal time
t1, starting at the current state x(t), be optimal for the
remainingproblem,i.e.,fortheobjectivefunction
_t1tu()Tu()d.Specically,givenx Rnandt [t0,
t1]suchthatx1isreachableattimet1from(x, t),denotebyP(x, t; x1,
t1)theproblemofdeterminingthecontrol of leastenergythatsteers(x, t)
to(x1, t1), i.e., problem(FEP) with(x, t) replacing(x0, t0). Let
x() bethe statetrajectory that results when optimal control uis
applied, starting from x0at time t0. ThenBellmansPrincipleof
Optimalityassertsthat, foranyt [t0, t1], therestrictionof uto[t,
t1]solvesP(x(t), t; x1,
t1).Exercise2.14ProvethatBellmansPrincipleofOptimalityholdsfortheminimumenergyxedendpoint
problem. [Hint: Verifythat theentirederivationsofarstill workswhen
|is redenedtobepiecewise continuous on[t0, t1] (i.e., continuous
except at nitelymanypoints, withniteleft andright limitsat
thosepoints). Then,
AssumingbycontradictionexistenceofalowerenergycontrolforP(x(t), t;
x1, t1),showbyconstructionthatucannotbeoptimalforP(x0, t0; x1,
t1).]Itfollowsthat,foranytsuchthatW(t, t1)isinvertible,u(t) =
BT(t)W(t, t1)1(x(t), t) t (2.26)which yields the closed-loop
implementation, depicted in Figure 2.1, where v(t) =BT(t)W1(t,
t1)(t, t1)x1. Inparticular,ifx1= ,thenv(t) = 0
t.Exercise2.15Prove(2.26)from(2.25)directly,withoutinvokingBellmansPrinciple.Example2.2(chargingcapacitor)ddtcv(t)
= i(t)30 Copyright c _1993-2011,AndreL.Tits.
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(t)W(t,t )T -1 1B(t)A(t)x(t)x(t)++-u(t)Figure2.1:
Closed-loopimplementationicrv+-Figure2.2:
Chargingcapacitorminimizet1_0ri(t)2dt s.t. v(0) = v0, v(t1) =
v1WeobtainB(t) 1c, A(t) 0W(0, t1) =t1_01c2dt =t1c20= c2v0v1t1i0(t)
=
1cc2(v0v1)t1=c(v1v0)t1=constant.Theclosed-loopoptimalfeedbacklawisgivenbyi0(t)
=ct1t(v(t) v1).Copyright c _19932011,AndreL.Tits. AllRightsReserved
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Some(Reasonably)SimpleCasesExercise2.16Discussthesameoptimal
control
problem(withxedendpoints)withtheobjectivefunctionreplacedbyJ(u)
t1_t0u(t)TR(t)u(t)dtwhereR(t) = R(t)T> 0forallt [t0,
t1]andR()iscontinuous. [Hint: deneanewinnerproducton
|.]Remark2.6InviewofExercise2.13,acontrolusteers(x0, t0)to(x1,
t1)ifandonlyifitsteers(x0(t0, t1)x1, t0)to(, t1).
Thusthereisnolossofgeneralityinassumingx1=
.ThecontrollabilityGramianW(,
)happenstosatisfycertainsimpleequations. RecallingthatW(t, t1)
=t1_t(t, )B()BT()(t, )TdoneeasilyveriesthatW(t1, t1) = 0andddtW(t,
t1) = A(t)W(t, t1) + W(t, t1)AT(t) B(t)BT(t)
(2.27)implyingthat,ifW(t, t1)isinvertible,itsatisesddt_W(t, t1)1_ =
W(t, t1)1A(t) AT(t)W(t, t1)1+ W(t, t1)1B(t)BT(t)W(t,
t1)1(2.28)Equation(2.27)islinear. ItisaLyapunovequation.
Equation(2.28)isquadratic. ItisaRiccatiequation(forW(t,
t1)1).Exercise2.17ProvethatifamatrixM(t) := W(t,
t1)satisesLyapunovequation(2.27),then its inverse satises Riccati
equation (2.28). (Hint:ddtM(t)1= M(t)1(ddtM(t))M(t)1.)W(, )
alsosatisesthefunctionalequationW(t0, t1) = W(t0, t) + (t0, t)W(t,
t1)T(t0, t).Aswehavealreadyseen, theRiccati
equationplaysafundamental roleinoptimal
controlsystemsinvolvinglineardynamicsandquadraticcost(linear-quadraticproblems).
Atthispoint, notethat, if x1=andW(t, t1)isinvertible, thenu(t)=
B(t)TP(t)x(t), whereP(t) = W(t,
t1)1solvesRiccatiequation(2.28).Wehaveseenthat, ifW(t0, t1)
isinvertible,theoptimal costfor problem(FEP) isgivenbyJ(u) = u, u =
(x(t0) (t0, t1)x1)TW(t0, t1)1(x(t0) (t0, t1)x1). (2.29)This is
clearlytrue for anyt0, sothat, fromagiventime t 0suchthatf( x + h)
f( x) h B(0, ) (3.3)SincefisFrechet-dierentiable,wehave,forallh V
,f( x + h) = f( x) +fx( x)h + o(h) (3.4)Copyright c
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Hence,from(3.3),wheneverh B(0, )fx( x)h + o(h) 0
(3.5)or,equivalently,fx( x)(h) + o(h) 0 h B(0, ), [0, 1]
(3.6)and,dividingby,for ,= 0fx( x)h +o(h) 0 h B(0, ), (0, 1]
(3.7)Itiseasytoshow(seeexercisebelow)thato(h)0as 0. Hence, letting
0in(3.7),wegetfx( x)h 0 h B(0, ).Sinceh B(0, )implies h B(0,
),wehavefx( x)(h) 0thusfx( x)h 0 h B(0, ).Hencefx( x)h = 0 h B(0,
)whichimplies(sincefx( x)islinear)fx( x)h = 0 h Vi.e.,fx( x) =
.Exercise3.2Ifo()issuchthato(h)[[h[[ 0ash 0,theno(h)0as 0
R.Remark3.2Theoptimalityconditionabove, likeseveral
otherconditionsderivedinthiscourse, isonlyanecessarycondition,
i.e., apointxsatisfyingthisconditionneednotbeoptimal, even locally.
However, if there is an optimal x, it has to be among those which
satisfytheoptimalitycondition.
Alsoitisclearthatthisoptimalityconditionisalsonecessaryforaglobal
minimizer(sinceaglobal minimizerisalsoalocal minimizer). Hence, if
aglobalminimizer is known to exist, it must be, among the points
satisfying the optimality condition,theonewithminimumvalueoff.38
Copyright c _1993-2011,AndreL.Tits.
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ismerelyGateauxdierentiable, theabovetheoremisstillvalid.
(Further,notethatcontinuousdierentiabilityisnotrequired.)Supposenowthatwewanttondaminimizer.
Solvingfx( x) =
forxisusuallyhardandcouldwellyieldmaximizersorotherstationarypointsinsteadofminimizers.
Acentralidea is, given an initial guess x, to determine a descent,
i.e., a direction in which, startingfrom x, fdecreases (at least
for small enough displacement). Thus supposefx( x) ,= (hence
xisnotalocal minimizer). If hissuchthatf x( x)h
0smallenough,wehave_fx( x)h +o(h)_ < 0and,hence,forsome0>
0,f( x + h) < f( x) (0, 0].Suchhiscalledadescentdirectionforfat
x. Theconceptofdescentdirectionisessentialto numerical methods. If
Vis a Hilbert space,thenfx( x)h = gradf( x), h and a
particulardescent directionish= gradf( x). (Thisissoirrespectiveof
whichinnerproduct(andassociatedgradient)isused. Wewill
returntothispointwhenstudyingNewtonsmethodandvariablemetricmethods.)3.2
SteepestdescentmethodSupposeV =H, aHilbert space. Inviewof
whatwejustsaid, anatural
algorithmforattemptingtosolve(3.1)wouldbethefollowing.Algorithm1(steepestdescent)Datax0
Hi = 0whilegradf(xi) ,= do picki arg minf(xigradf(xi)) :
0(ifthereisnosuchminimizerthealgorithmfails)xi+1= xiigradf(xi)i = i
+ 1stopNotation:
Givenareal-valuedfunction,the(possiblyempty)setofglobalminimizersfortheproblemminimize(x)s.t.x
Sisdenotedbyarg minx(x) : x S.Copyright c _19932011,AndreL.Tits.
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such that gradf(x) ,= (i.e.,fx(x) ,= ). Showthath
:=gradf(x)gradf(x),gradf(x))1/2(unit vectoralong
gradf(x))isindeedtheuniquedirectionof (local)steepestdescentatx.
Firstshowthathminimizes gradf(x), hsubjectto h, h = 1.
Sec-ond,showthatinfhf(x + h) [ h, h = 1 (3.8)is approached with h
close to h for small; specically, that, given any h ,= h with h,h =
1,thereexists > 0suchthatf(x + h) < f(x + h) (0, ].(Hint:
UseCauchy-Bunyakovskii-Schwartz.)Inthealgorithmabove,likeinotheralgorithmswewillstudyinthiscourse,
eachiterationconsistsofessentially2operations:computationofasearchdirection(here,directlyopposedtothegradientoff)asearchalongthatsearchdirection,
whichamountstosolving,
oftenapproximately,aminimizationprobleminonly1variable,.
Thefunction() =f(x +
h)canbeviewedastheone-dimensionalsectionoffatxindirectionh.
Thissecondoperationisoftenalsocalledstep-sizecomputationorlinesearch.Beforeanalyzingthealgorithmabove,
wepointoutapractical diculty. Computationofiinvolves
anexactminimizationwhichcannotingeneral
beperformedexactlyinnitetime (it requires construction of an innite
sequence). Hence, point x1will never be
actuallyconstructedandconvergenceof thesequence xicannotbeobserved.
Onesaysthatthealgorithmis not implementable, but merelyconceptual.
Animplementable algorithmforsolving(3.1)willbeexaminedlater.3.3
IntroductiontoconvergenceanalysisInordertoanalyzeAlgorithm1,
weembeditinaclassofalgorithmscharacterizedbythefollowingalgorithmmodel.
Here, a: V V , V anormedvector space, represents aniterationmap;and
V isasetofdesirablepoints.AlgorithmModel 1Data. x0 Vi 0whilexi , do
xi+1 a(xi)i i + 1stop40 Copyright c _1993-2011,AndreL.Tits.
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: V Rsuchthat(i) v()iscontinuousinc(complementof);(ii)
a()iscontinuousinc(iii) v(a(x)) < v(x) x cThen,ifthesequence
xiconstructedbyAlgorithmmodel1isinnite,everyaccumulationpointof
xiisdesirable(i.e.,belongsto).Exercise3.5Provethetheorem.Exercise3.6Giveanexample(i.e.,
exhibita(),
v()and)showingthatcondition(ii),inTheorem3.2,cannotbedropped.Remark3.31.
NotethatAlgorithmmodel 1doesnotimplyanytypeof optimizationidea.
TheresultofTheorem3.2will
holdifonecanshowtheexistenceofafunctionv()that,togetherwitha(),wouldsatisfyconditions(i)to(iii).
ThisideaisrelatedtothatofaLyapunovfunctionforthediscretesystemxi+1=a(xi)(butassumptionsonvareweaker,andtheresultingsequencemaybeunbounded).2.
TheresultofTheorem3.2isstrongerthanitmayappearatrstglance.(i) if xi
is bounded(e.g., if all level sets of f are bounded) andV is
nite-dimensional,accumulationpointsdoexist.(ii) insuchcase,
ifisaniteset(whichitisinlotsofpractical cases), therearesimple
techniques(such as step-size limitation) that can force the entire
sequencetoconverge(toanelementof).Noteontheotherhandthatitcannotpossiblybeguaranteedthatxi
xforsome x .
Indeed,foronething,maybeempty.Exercise3.7ConsiderAlgorithm1(steepest
descent)withH=Rnanddene, foranyx Rn(x) = arg minf(x f(x)) :
0wherewehavetoassumethat(x)isuniquelydened(uniqueglobal
minimizer)foreveryx Rn.
Alsosupposethat()islocallybounded,i.e.,foranyboundedsetK,
thereexistsM> 0s.t. [(x)[ < Mforallx K.
ShowthatthehypothesesofTheorem3.2aresatisedwith= x Rn:fx(x) =0andv
=f. [Hint: thekeypoint is toshowthat a()iscontinuous, i.e.,
that()iscontinuous. Thisdoesholdbecause, sincef
iscontinuouslydierentiable,thecurvebelow(Figure3.1)doesnotchangetoomuchinaneighborhoodofx.]Copyright
c _19932011,AndreL.Tits. AllRightsReserved
41UnconstrainedOptimization0(x)f(x-f(x))-f(x)Figure3.1:Remark3.4WejustprovedthatAlgorithm1yieldsaccumulationpoints
x(ifany)suchthatfx( x) = 0. Thereisnoguarantee,however,that
xisevenalocalminimizer(e.g.,takethecasewherex0isalocal maximizer).
Nevertheless,thiswillverylikelybethecase,sincethe cost function
decreases at each iteration (and thus, local minimizers are the
only stablepoints.)In many cases (x) will not be uniquely dened for
all x and hence a() will not be continuous.We will now consider a
more general algorithm model involvinga point-to-set iteration
mapA: V 2V(2VisthesetofsubsetsofV ).AlgorithmModel 2Data. x0 Vi
0whilexi , do pickxi+1 A(xi)i i +
1stopTheadvantagesofusingapointtosetiterationmaparethat(i) compound
algorithms can be readily analyzed (two or more algorithms are
intertwined)(ii)
thiscanincludealgorithmsforwhichtheiterationdependsonsomepastinformation(i.e.,conjugategradientmethods)(iii)
algorithms not satisfying the conditions of the previous theorem
(e.g., a not
continuous)maysatisfytheconditionsofthetheorembelow.The
algorithmabove, withthe convergence theorembelow, will allowus
toanalyze animplementablealgorithm.
ThefollowingtheoremisduetoPolak[22].Theorem3.3Supposethatthereexistsafunctionv
: V Rsuchthat(i) v()iscontinuousinc(ii) x c > 0, >
0suchthat42 Copyright c _1993-2011,AndreL.Tits.
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B(x, ) y A(x) (3.9)Then,ifthesequence
xiconstructedbyAlgorithmmodel2isinnite,everyaccumulationpointof
xiisdesirable(i.e.,belongsto).Remark3.5(3.9)indicatesauniformdecreaseintheneighborhoodof
anynon-desirablepoint.
Notethatasimilarpropertyisimpliedby(ii)and(iii)intheprevioustheorem.Lemma3.1Let
i Rbeamonotonicallydecreasingsequencesuchthat iKforsomeK IN, R.
Theni .Exercise3.8Provethelemma.ProofofTheorem3.3Bycontradiction.
SupposexiK x ,. Sincev()iscontinuous, v(xi)Kv( x). Since,
inviewof(ii),v(xi+1) < v(xi)
iitfollowsfromthelemmaabovethatv(xi) v( x). (3.10)Nowlet ,
correspondto xinassumption(ii). SincexiK x, thereexists i0suchthati
i0, i K,xibelongstoB( x, ). Hence, i i0, i K,v(y) v(xi) y A(xi)
(3.11)and,inparticularv(xi+1) v(xi) i i0, i K
(3.12)Butthiscontradicts(3.10)andtheproofiscomplete.Exercise3.9ShowthatAlgorithm1(steepestdescent)withH=Rnsatisestheassump-tions
of Theorem3.3. HencexiK ximpliesfx( x) =0(assumingthat argminf(xi
f(xi))isalwaysnonempty).In the following algorithm, a line search
due to Armijo replaces the exact line search of
Algo-rithm1,makingthealgorithmimplementable.
Thislinesearchimposesadecreaseoff(xi)ateachiteration,whichiscommonpractice.
Notehoweverthatsuchmonotonedecreaseinitself
isnotsucientforinducingconvergencetostationarypoints.
TwoingredientsintheArmijolinesearchinsurethatsucient
decreaseisachieved:
(i)theback-trackingtechniqueinsuresthat,awayfromstationarypoints,thestepwillnotbevanishinglysmall,and(ii)theArmijolinetestinsuresthat,
whenever areasonablylargestepistaken,
areasonablylargedecreaseisachieved.Copyright c
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form,
withasearchdirectionhi(hi=gradf(xi)correspondstoArmijo-gradient).Algorithm2(Armijostep-sizerule)Parameters,
(0, 1)Datax0 Vi = 0whilefx(xi) ,= do computehiaccordingtosomescheme
:= 1whilef(xi + hi) f(xi) > fx(xi)hido := xi+1:= xi + hii := i +
1stopTogetanintuitivepictureofthisstep-sizerule,letusdeneafunctioni
: R Rbyi() = f(xi + hi) f(xi)Usingthechainrulewehavei(0) =fx(xi +
0hi)hisothattheconditiontobesatisedbycanbewrittenasi(k) i(0)Hence
the Armijo rules prescribes to choose the step-size i as the
smallest power of (hencethelargestnumbersince<
1)atwhichthecurve()isbelowthestraightlinei(0),asshownontheFigure
3.2. Inthecaseofthegurek= 2willbechosen. Weseethat
thisstep-sizewillbewelldenedaslongasfx(xi)hi<
0whichinsuresthatthestraightlinesonthepicturearedownward.
Letusstateandprovethisprecisely.Proposition3.1Supposethatfx(xi) ,=
0andthathiissuchthatfx(xi)hi< 0Thenthereexistsanintegerksuchthat
= ksatisesletlinesearchcriterion.44 Copyright c
_1993-2011,AndreL.Tits.
AllRightsReserved3.3IntroductiontoconvergenceanalysisProof() =()
(0) = (0) + o()= (0) + (1 )(0) + o()= (0) + (1 )(0) +o() ,=
0Since(0) =fx(xi)hi< 0,theexpressionwithinbracesisnegativefor
> 0smallenough,thus() < (0)for > 0smallenough.We willnow
applyTheorem3.3 toproveconvergenceof Algorithm 2. We just
havetoshowthatcondition(ii)holds(usingv
f,(i)holdsbyassumption).Theorem3.4SupposeV isaHilbert space. Let
H(x)denotetheset of
searchdirectionsthatcouldpossiblybeconstructedbyAlgorithm2whenxisthecurrentiterate(inthecaseof
steepest descent, H(x)= gradf(x)). Supposethat
H(x)isboundedawayfromzeronearnon-stationarypoints,i.e.,forany
xsuchthatfx( x) ,= 0,thereexists > 0suchthatinf|h| : h H(x), |x
x| > 0. (3.13)Further suppose that for any x for whichfx( x) ,=
0thereexist positivenumbers and suchthat, x B( x, ), h
H(x),itholdsgradf(x), h [[gradf(x)[[ [[h[[, (3.14)where || is the
norm induced by underlying inner product. Then xiKx impliesfx(x) =
0.Proof(ForsimplicityweassumethestandardEuclideaninnerproduct.)f(x
+ h) = f(x) +_10f(x + th), hdt0i (0)=f(x ),h i i211=0 (0)=f(x ),h i
i i ()=f(x +h )-f(x )i i i iFigure3.2:Copyright c
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f(x), hdt+ (1 )f(x), h (3.15) ( supt[0,1][f(x + th) f(x), h[ + (1
)f(x), h) 0Supposenowthat xissuchthat f( x) ,= 0andlet,
andCsatisfythehypothesesofthetheorem.
Substituting(3.14)into(3.15)yields(since (0, 1)and
0),usingSchwartzinequality,f(x + h) f(x) f(x), h [[h[[(
supt[0,1][[f(x + th) f(x)[[ (1 )[[f(x)[[) x B( x, ), h H( x)
(3.16)Assumenowthath(x)= f(x)[theproof forthegeneral
caseisleftasa(notentirelytrivial)exercise.] Firstletuspick (0,
]s.t.,forsome > 0,(usingcontinuityof f)(1 )[[f(x)[[ > > 0
x B( x, )Alsobycontinuityof f,Cs.t. [[f(x)[[ C x B( x, ). SinceB(
x, )iscompact,fisuniformlycontinuousoverB( x, ). Thus,thereexists
> 0suchthat[[f(x + v) f(x)[[ < [[v[[ < x B( x, )Thus,[[f(x
tf(x)) f(x)[[ < t [0, 1], [0,C], x B( x,
)whichimpliessupt[0,1][[f(x tf(x)) f(x)[[ < [0,], x B( x, )with
=C> 0. Thus(3.16)yieldsf(x f(x)) f(x) + [[f(x)[[2< 0 (0,], x
B( x, ) (3.17)Letusdenotebyk(x)thevalueof
kiconstructedbyAlgorithm2if xi=x. Then,
from(3.17)andthedenitionofk(x)k(x) k= max(0,k) x B( x, )
(3.18)wherekissuchthatk < k1(3.19)(since kwill then always
satisfy inequality (3.17). The iteration map A(x) (singleton
valuedinthiscase)isA(x) = x k(x)f(x).46 Copyright c
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f(x) k(x)[[f(x)[[2 k[[f(x)[[2x B( x, ) k 2(1 )22x B( x,
)andcondition(ii)ofTheorem3.3issatisedwith= k 2(1 )22>
0.HencexiKximpliesx ,i.e., f(x) = 0.Remark3.6Condition (3.14)
expresses that the angle between h and (gradf(x)), (in
the2Dplanespannedbythesetwovectors)isuniformlyboundedbycos1()(notethat
> 1cannotpossiblysatisfy(3.14)exceptif bothsidesare=0).
Inotherwords, thisangleisuniformly bounded away from 90. This angle
just being less than 90for all x, insuring thath(x)isalwaysadescent
direction, isindeednotenough. Condition(3.13)prevents
h(x)fromcollapsing(resultinginaverysmallstep [[xk+1xk[[)
exceptnearadesirablepoint.Exercise3.10Provethat Theorem3.4isstill
trueif
theArmijosearchisreplacedbyanexactsearch(asinAlgorithm1).Remark3.71.
AkeyconditioninTheorem3.3isthatofuniformdescentintheneighborhoodofanon-desirablepoint.
Descentbyitselfmaynotbeenough.2.
ThebestvaluesforandinArmijostep-sizearenotobviousapriori.
Moreaboutallthiscanbefoundin[22,4].3. Many other step-size rules
can be used, such as golden section search, quadratic or
cubicinterpolation, Goldsteinstep-size. Withsomelinesearches,
astronger convergenceresult than that obtained above can be proved,
under the additional assumption that fis bounded from below (note
that, without such assumption, the optimization problemwouldnot be
well dened): Irrespective of whether or not xkhas
accumulationpoints, thesequenceof gradients
f(xk)alwaysconvergestozero. See, e.g.,
[20,section3.2].Exercise3.11Letf: RnRbecontinuouslydierentiable.
Suppose xiisconstructedbytheArmijo-steepest-descent algorithm.
Supposethat x :fx(x) = 0isniteandsupposethat
xihasanaccumulationpoint x. Thenxi x.Copyright c
_19932011,AndreL.Tits. AllRightsReserved
47UnconstrainedOptimizationExercise3.12Let
xbeanisolatedstationarypoint(i.e., > 0s.t. x ,= x x B( x,
),fx(x) ,=0)andlet xibeasequencesuchthatall
itsaccumulationpointsarestationary.SupposethatxiK
xforsomeKandthatthereexistsaneighborhoodN( x)of xsuchthat[[xi+1xi[[
0asi ,xi N( x). Thenxi x.The assumption in Exercise 3.12 is often
satised. In particular, any local minimum
satisfyingthe2ndordersucientconditionof optimalityisisolated(why?).
Finallyif xi+1=xi gradf(xi) and [[ 1 (e.g., Armijo-gradient) then
|xi+1xi| |gradf(xi)| which goes
to0onsub-sequencesconvergingtoastationarypoint;for
otheralgorithms,suitablestep-sizelimitationschemeswillyieldthesameresult.Exercise3.13Let
f : RnRbecontinuouslydierentiableandlet xibeaboundedsequence with
the property that every accumulationpoint xsatisesfx( x) =0.
Thenfx(xi) 0asi .3.4
MinimizationofconvexfunctionsConvexfunctionshaveverynicepropertiesinrelationwithoptimizationasshownbythetheorembelow.Exercise3.14Theset
of global minimizersof aconvexfunctionis convex(without
anydierentiabilityassumption). Also,everylocalminimizerisglobal.
Ifsuchminimizerexistsandfisstrictlyconvex,thenitistheuniqueglobalminimizer.Theorem3.5Suppose
f : V R, is continuously dierentiable and convex. Thenfx(x) =
0impliesthatxisaglobal minimizerforf.
Furthermore,iffisstrictlyconvex,xisstrictandistheuniqueglobalminimizer.Proof.
Iffisconvex,then, x Vf(x) f(x) +fx(x)(x x)and,sincefx(x) = 0f(x)
f(x) x Vandxisaglobalminimizer. Iffisstrictlyconvex,then x ,= xf(x)
> f(x) +fx(x)(x x)hencef(x) > f(x) x ,=
xandxisstrictandistheuniqueglobalminimizer.48 Copyright c
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=Rnandsupposefisstronglyconvex. Thenthereisaglobal
mini-mizer(why?).
Bytheprevioustheoremitisuniqueandfxvanishesatnootherpoint.Exercise3.15Supposethatfisstronglyconvexandthatthesequence
xiissuchthat(i) anyaccumulationpoint x(ifthereisone)satisesfx( x) =
0(sothat xistheuniqueglobalminimizer.)(ii) i,f(xi+1) f(xi)Thenxi
x.3.5 SecondorderoptimalityconditionsHereweconsideronlyV
=Rn(theanalysisinthegeneral
caseisslightlymoreinvolved).Consideragaintheproblemminf(x) [ x Rn
(3.20)Theorem3.6(2ndorder necessary condition) Suppose thatfis
twicedierentiable andlet xbealocalminimizerfor(3.20). Then 2f(
x)ispositivesemi-denite,i.e.dT2f( x)( x)d 0 d RnProof. Letd Rn
0andt >0. Since xisalocalminimizer, f( x) =0.
Secondorderexpansionoffaround xyields0 f( x + td) f( x) =t22_dT2f(
x)d +o2(td)t2_(3.21)witho2(h)|h|2 0ash 0.
Theclaimthenfollowsbylettert
0.Theorem3.7(2ndordersuciencycondition)Supposethatfistwicedierentiable,thatfx(
x) = 0andthat 2f( x)ispositivedenite. Then xisastrictlocal
minimizer for(3.20).Proof. Letm>0bethesmallesteigenvalueof 2f(
x). (ItispositiveindeedsinceV isassumednite-dimensional.) Thenf( x
+ h) f( x) |h|2_m2+o2(h)|h|2_h ,= 0.Let > 0besuchthat[o2(h)[|h|2
f( x) |h| ,provingtheclaim.Alternatively, under the further
assumption that the second derivatives of fis
continuous,Theorem3.7canbeprovedbymakinguseof (B.15),
andusingthefactthat,
duetotheassumedcontinuityofthesecondderivative,_2fx2( x + th)h_h
(m/2)|h|2forall hsmallenoughandt (0, 1).Copyright c
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49UnconstrainedOptimizationExercise3.16Showby a counterexample that
the 2ndorder suciency conditiongivenabove is not validwhenthe space
is innite-dimensional. [Hint: Consider the space ofsequencesinR,
withanappropriatenorm.] Showthat theconditionremainssucient
intheinnite-dimensionalcaseifitisexpressedas: thereexistsm >
0suchthat,forallh,_2fx2( x)h_h (m/2)|h|2Remark3.9Consider the
following proof for (2). Let d ,= 0. Then d,2fx2( x)d = >
0.Leth=td. Proceedingasin(1), (3.21)yieldsf( x + td) f( x)>0 t
(0,t] forsomet > 0, which shows that x is a local minimizer.
This argument is in error. Why?(Note thatif this argument was
correct, it would imply that the result also holds on
innite-dimensionalspaces.)Remark3.10Notethat,intheproofabove,itisnotenoughthato2(h)/|h|2goestozeroalongstraightlines.
(ThustwiceGateauxdierentiableisnotenough.)Exercise3.17Exhibit an
example where fhas a strict minimum at some x, with2fx2( x) _
0(asrequiredbythe2ndordernecessarycondition),butsuchthatthereisnoneighborhoodof
xwhere2fx2(x)iseverywherepositivesemi-denite. (Tryx R2;
whileexamplesinRdoexist, theyarecontrived.)
Simpleexamplesexistwherethereisaneighborhoodof xwherethe Hessian is
nowherepositive semi-denite (except at x). [Hint: First ignore the
strictnessrequirement.]3.6
Conjugatedirectionmethods(see[18])WerestrictthediscussiontoV=
Rn.Steepestdescenttypemethodscanbeveryslow.Exercise3.18Let f(x,
y)=12(x2+ ay2)wherea>0. Considerthesteepest descent
al-gorithmwithexact minimization. Given(xi, yi) R2,
obtainformulasforxi+1andyi+1.Usingtheseformulas,
giveaqualitativediscussionof theperformanceof thealgorithmfora =
1,averylargeandaverysmall. Verifynumericallyusing,e.g.,MATLAB.If
the objective function is quadratic and x R2, two function
evaluations and two gradientevaluations are enough to identify the
function exactly (why?). Thus there ought to be a wayto reach the
solution in two iterations. As most functions look quadratic
locally, such methodshouldgivegood resultsinthegeneralcase.
Clearly,suchamethodmusthavememory(torememberpreviousfunctionand
gradient values). It turnsout that
averysimpleideagivesanswerstothesequestions.
Theideaisthatofconjugatedirection.Denition3.1Givena symmetric
matrix Q, two vectors d1andd2are saidto be
Q-orthogonal,orconjugatewithrespecttoQifdT1Qd2= 050 Copyright c
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Qispositivedeniteandd0, . . . , dkareQ-orthogonal andareall
nonzero, thenthesevectorsare linearlyindependent(and thusthere can
be no more than n suchvectors).Proof.
See[18].Theorem3.8(ExpandingSubspaceTheorem)Considerthequadraticfunctionf(x)
=12xTQx +bTxwithQ 0andleth0, h1, . . . ,
hn1beasequenceofQ-orthogonal vectorsinRn. Thengivenanyx0
Rnifthesequence xkisgenerated according to xk+1= xk+khk, where
kminimizes f(xk+hk), then xkminimizesfovertheanesetx0 +span h0, . .
. , hk1.Proof. Sincefisconvexwecanwritef(xk + h) f(xk)
+f(xk)ThThusitisenoughtoshowthat,forallh sp h0, . . . , hk1,f(xk)Th
= 0i.e.,sinceh span h0, . . . , hk1ifandonlyif h span h0, . . . ,
hk1,thatf(xk)Th = 0 h span h0, . . . ,
hk1,whichholdsifandonlyiff(xk)Thi= 0 i = 0, . . . , k
1.Weprovethisbyinductiononk,fori = 0, 1, 2, . . .
First,foranyi,andk= i + 1,f(xi+1)Thi=f(xi + hi) =
0Supposeitholdsforsomek> i. Thenf(xk+1)Thi= (Qxk+1 + b)Thi= (Qxk
+ kQhk + b)Thi= f(xk)Thi + kQhTkhi=
0Thisrsttermvanishesduetotheinductionhypothesis,theseconddue
toQ-orthogonalityofthehis.Corollary3.1xnminimizesf(x) =12xTQx +
bTxoverRn,i.e.,thegiveniterationyieldstheminimizerforanyquadraticfunctioninnomorethanniterations.Remark3.11TheminimizingstepsizekisgivenbyCopyright
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b)ThkhTkQhkConjugategradientmethodThere are many ways to choose a
set of conjugate directions. The conjugate gradient
methodselectseach direction as the negativegradient added to a
linear combination of the previousdirections.
Itturnsoutthat,inordertoachieveQ-orthogonality,onemustusehk+1=
f(xk+1) +
khk(3.22)i.e.,onlytheprecedingdirectionhkhasanonzerocoecient.
Thisisbecause,if(3.22)wasused to construct the previous iterations,
then f(xk+1) is already conjugate to h0, . . . , hk1.Indeed,rst
notice that hiis alwaysa descentdirection (unless f(xi) = 0), so
that i ,= 0.Then,fori < kf(xk+1)TQhi= f(xk+1)T_
1iQ(xi+1xi)_=1if(xk+1)T(f(xi+1) f(xi))=1if(xk+1)T(ihihi+1 +
hii1hi1) = 0wherewehaveused(3.22)fork= i + 1andk=
i,andtheExpandingSubspaceTheorem.ThecoecientkischosensothathTk+1Qhk=
0. Onegetsk= f(xk+1)TQhkhTkQhk.
(3.23)Non-quadraticobjectivefunctionsIf x is a minimizer for f,
2f(x) is positive semi-denite. Generically (i.e., in most
cases),itwill bestrictlypositivedenite,
sincematricesaregenericallynon-singular. Thus(sincef(x) = 0)f(x) =
f(x) +12(x x)TQ(x x) + o2(x x)withQ= 2f(x) 0. Thus, closetox, f
lookslikeaquadraticfunctionwithpositivedeniteHessianmatrixandtheconjugategradientalgorithmshouldworkverywellinsuchaneighborhoodofthesolution.
However,
(3.23)cannotbeusedforksinceQisunknownandsincewedonotwanttocomputethesecondderivative.
Yet, foraquadraticfunction,itcanbeshownthatk=
[[f(xk+1[[2[[f(xk)[[2=(f(xk+1)
f(xk))Tf(xk+1)[[f(xk)[[2(3.24)TherstexpressionyieldstheFletcher-Reevesconjugategradientmethod.
ThesecondonegivesthePolak-Ribi`ereconjugategradientmethod.52
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AllRightsReserved3.6ConjugatedirectionmethodsExercise3.19Prove(3.24).Algorithm3(conjugategradient,Polak-Ribi`ereversion)Dataxo
Rni = 0h0= f(x0)while f(xi) ,= 0do i arg minf(xi + hi)
(exactsearch)xi+1= xi + ihihi+1= f(xi+1) + ihii = i +
1stopThePolak-Ribi`ereformulausesi=(f(xi+1)
f(xi))Tf(xi+1)[[f(xi)[[2. (3.25)It has the following advantage over
the Fletcher-Reevesformula: away from a solution
thereisapossibilitythatthesearchdirectionobtainedbenotverygood,
yieldingasmall step[[xk+1xk[[. If such a dicultyoccurs, [[f(xk+1)
f(xk)[[ will be small as well and P-Rwillyield
f(xk+1)asnextdirection,thusresettingthemethod.Byinspection,
oneveriesthathiisadescentdirectionforfatxi,i.e., f(xi)Thi
0suchthatf(xi), hi [[f(xi)[[ [[hi[[ iwhere hi and xi are as
constructed by Algorithm 3 (in particular, this assumes an
exactlinesearch).Exercise3.20Showthat[[hi[[ [[f(xi)[[ i.As pointed
out earlier one can show that the convergencetheorem of Algorithm 2
still
holdsinthecaseofanexactsearch(sinceanexactsearchresultsinalargerdecrease).Exercise3.21Showhowthe
theoremjust mentionedcanbe appliedtoAlgorithm3,
byspecifyingH(x).Thus, all accumulationpointsarestationaryand,
sincef isstronglyconvex, xi xtheunique global minimizer of f. An
implementable version of Algorithm 3 can be found in [22].If f
isnotconvex,
itisadvisabletoperiodicallyresetthesearchdirection(i.e.,
sethi=f(xi)wheneveriisamultipleofsomenumberk; e.g.,
k=ntotakeadvantageofthequadraticterminationproperty).Copyright c
_19932011,AndreL.Tits. AllRightsReserved
53UnconstrainedOptimization3.7 Ratesofconvergence(see[21])Note:
Ourdenitionsaresimplerandnotexactlyequivalenttotheonesin[21].QuotientconvergenceratesDenition3.2Supposexi
x. Onesaysthat xiconvergestoxwithaQ-orderofp(
1)andacorrespondingQ-factor=ifthereexistsi0suchthat,forall i
i0[[xi+1x[[ [[xix[[p.Obviously, for a given initial point x0, and
supposing i0= 0, the larger the Q-order, the
fasterxiconvergesand,for agivenQ-order, thesmallertheQ-factor, the
faster xiconverges.Also,accordingtoourdenition, if
xiconvergeswithQ-order=pitalsoconvergeswithQ-order =pfor anyp p,
andif it converges withQ-order =pandQ-factor
=italsoconvergeswithQ-order=pandQ-factor=forany .
Thusitmaybemoreappropriatetosaythat xiconvergeswithat
leastQ-order=pandat mostQ-factor=. But what is morestrikingis
thefact that alarger Q-order will overcome anyinitialconditions,
asshowninthefollowingexercise.
(Ifp=1,asmallerQ-factoralsoovercomesanyinitialconditions.)Exercise3.22Letxi
xbesuchthat [[xi+1 x[[= [[xi x[[pforall i, with>0,p
1,andsupposethatyi yissuchthat[[yi+1y[[ [[yiy[[qi forsome>
0Showthat,ifq > p,foranyx0, y0, x0 ,= x Nsuchthat[[yiy[[ <
[[xix[[ i NQ-linearconvergenceIf (0, 1) and p = 1, convergenceis
called Q-linear. This terminology comes from the
factthat,inthatcase,wehave(assumingi0= 0),[[xix[[ i[[x0x[[
iand,hencelog [[xix[[ i log + log [[x0x[[ iso that log |xix|
(which, when positive, is roughly proportional to the number of
exactguresinxi)islinear(moreprecisely,ane)ini.If xi
xQ-linearlywithQ-factor=, clearly[[xi+1x[[[[xix[[for i
largerenough. Thismotivatesthefollowingdenition.54 Copyright c
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xQ-superlinearlyif[[xi+1x[[[[xix[[0asi Exercise3.23Show, by a
counterexample, that a sequence xi can converge
Q-superlinearly,without convergingwithanyQ-orderp>1. (However,
Q-orderlargerthan1impliesQ-superlinearconvergence.)Exercise3.24Showthat,ifxi
xQ-superlinearly, [[xi+1xi[[isagoodestimateofthecurrenterror
[[xix[[inthesensethatlimi[[xix[[[[xi+1xi[[= 1Denition3.4Ifxi
xwithaQ-orderp =
2,xiissaidtoconvergeQ-quadratically.Q-quadraticconvergenceisveryfast:
forlargei,
thenumberofexactguresisdoubledateachiteration.Exercise3.25[21].
TheQ-factorisnorm-dependent(unliketheQ-order).
Letxi___(.9)k_10_forkeven(.9)k_1/21/2_forkoddandconsiderthenorms_x21
+ x22andmax([x1[, [x2[).
ShowthatinbothcasesthesequenceconvergeswithQ-order=1,
butthatonlyinthe1stcaseconvergenceisQ-linear(>1inthesecondcase).RootconvergenceratesDenition3.5One
says that xi xwith an R-order equal to p 1 and an R-factor equalto
(0, 1)ifthereexistsi0suchthat,foralli i0[[xi0+ix[[ i forp = 1
(3.26)[[xi0+ix[[ pi forp > 1 (3.27)forsome > 0. (Note:
byincreasing,i0canalwaysbesetto0.)Equivalentlythereexists> 0and
(0, 1)suchthat,foralli,[[xix[[ iforp = 1 (3.28)[[xix[[ pip > 1
(3.29)(take= 1/pi0).Again with the denition as given, it would be
appropriate to used the phrases at least andatmost.Copyright c
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55UnconstrainedOptimizationExercise3.26Showthat, if xi
xwithQ-order=p 1andQ-factor= (0, 1)thenxi
xwithR-order=pandR-factor=. Showthat theconverseisnot true.
Finally,exhibitasequence xiconverging(i) withQ-order p 1whichdoes
not convergewithanyR-order=p>p, withanyR-factor(ii) withQ-orderp
1andQ-factor, notconvergingwithR-orderpwithanyR-factor<
.Denition3.6Ifp = 1and (0, 1),convergenceiscalledR-linear.Ifxi
xR-linearlyweseefrom(3.28)thatlimsupi[[xix[[1ilimi1i= Denition3.7
xiissaidtoconvergetoxR-superlinearlyiflimi[[xix[[1i=
0Exercise3.27Showthat,ifxi xQ-superlinearly,thenxi
xR-superlinearly.Exercise3.28Show, by a counterexample, that a
sequence xi can converge
R-superlinearlywithoutconvergingwithanyR-orderp >
1Denition3.8Ifxi xwithR-orderp = 2,
xiissaidtoconvergeR-quadratically.Remark3.12R-order,aswellasR-factor,arenormindependent.Rateofconvergenceofrstorderalgorithms(see[22,18])ConsiderthefollowingalgorithmAlgorithmDatax0
Rni = 0whilefx(xi) ,= 0do obtainhii arg minf(xi + hi) [ 0xi+1= xi +
ihii = i + 1stopSupposethatthereexists > 0suchthatf(xi)Thi
[[f(xi)[[ [[hi[[ i, (3.30)where ||istheEuclideannorm.56 Copyright c
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,=0(condition [[hi[[
c[[fx(xi)[[isobviouslysuperuousifweuseanexactsearch, since, then,
xi+1dependsonlyonthedirectionofhi). Weknowthatthisimpliesthat
anyaccumulationpointisstationary. Wenowsupposethat,actually,xi x.
Thiswill happenforsureif fisstronglyconvex. Itwill
infacthappeninmostcaseswhen xihassomeaccumulationpoint.Then,wecan
studytherate ofconvergenceof xi.
Wegivethefollowingtheoremwithoutproof(see[22]).Theorem3.9Supposexi
x, forsomex, where
xiisconstructedbythealgorithmabove,andassumethat(3.30)holds.
Supposethatfistwicecontinuouslydierentiableandthat
thesecondordersuciencyconditionholdsat x(asdiscussedabove,
thisisamildassumption). Letm, M, bepositivenumberssuchthat x B(x,
), y Rnm[[y[[2 yT2f(x)y M[[y[[2[Suchnumbersalwaysexist. Why?].
Thenxi xR-linearly(atleast)withanR-factorof(atmost)=_1
(mM)2(3.31)If =1(steepest descent), convergenceis Q-linear withsame
Q-factor (withEuclideannorm).Exercise3.29Showthatif 0. Finally,
suppose that, for both algorithms, the CPU time needed to
generatexk+1fromxkisbounded(asafunctionof k), aswell
asboundedawayfrom0. Showthatthereexists >0suchthat, for all (0,
), x1kenters theball B(x, ) inless totalCPUtimethan x2kdoes. Thus,
underbounded, andboundedawayfromzero,
timeperiteration,Q-orderscanbemeaningfullycompared.
(ThisisincontrastwiththepointmadeinExercise3.30.)Noteonthe
assumptionxi x. Theconvergence results givenearlier assert
that,undersomeassumptions,everyaccumulationpointofthesequencegeneratedbyasuitablealgorithm(e.g.,
Armijogradient)satisestherstordernecessaryconditionofoptimality.Amuchnicerresultwouldbethattheentiresequenceconverges.
Thefollowingexerciseaddressesthisquestion.Conjugatedirectionmethods58
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(3.31) and(3.32) are conservative since theydonot take
intoaccountthewaythedirectionshiareconstructed,butonlyassumethattheysatisfy(3.30).ThefollowingmodicationofAlgorithm3canbeshowntoconvergesuperlinearly.Algorithm4(conjugategradientwithperiodicreinitialization)Parameterk>
0(integer)Datax0 Rni = 0h0= f(x0)while f(xi) ,= 0do picki
argminf(xi + hi) : 0xi+1= xi + ihihi+1= f(xi+1) + ihiwith i=_0
ifiisamultipleof k(f(xi+1)f(xi))Tf(xi+1)[[f(xi)[[2otherwisei = i +
1stopExercise3.32Showthat anyaccumulationpoint of thesub-sequence
xii=kof these-quence
xiconstructedbyAlgorithm4isstationary.Exercise3.33(Pacer step)
Showthat, if f is stronglyconvexinanyboundedset, thenthesequence
xiconstructedbyAlgorithm4convergestotheminimumxandtherateofconvergenceisatleastR-linear.Convergenceisinfactn-stepQ-quadraticifk=
n. Ifitisknownthatxi
x,clearlythestrongconvexityassumptioncanbereplacedbystrongconvexityaroundx,i.e.,2ndordersuciencycondition.Theorem3.10Suppose
that k =nand suppose that the sequence xiconstructed byAlgorithm4is
suchthat xix, at whichpoint the2ndorder suciencyconditionissatised.
Thenxi xn-stepQ-quadratically,i.e. q, l0suchthat[[xi+nx[[
q[[xix[[2fori = ln, l l0.This shouldbe comparedwiththe quadratic
rate obtainedbelowfor Newtons method:Newtons method achievesthe
minimum of a quadratic convex function in 1 step
(comparedtonstepshere).Exercise3.34Show that n-step Q-quadratic
convergence does not imply R-superlinear con-vergence.
Showthattheimplicationwouldholdunderthefurtherassumptionthat,forsomeC>
0,|xk+1x| C|xkx| k.Copyright c _19932011,AndreL.Tits.
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us rst consider Newtons method for solving a system of equations.
Consider the systemofequationsF(x) = 0 (3.33)withF:VV , V
anormedvectorspace, andFisdierentiable.
Theideaistoreplace(3.33)byalinearapproximationatthecurrentestimateof
thesolution(seeFigure3.4).Suppose xiis the current estimate.
Assuming Frechet-dierentiability, consider the
equationF(x)convergentx1x0x2xn=1 Figure3.4:Fi(x) := F(xi) +Fx(xi)(x
xi) = 0
(3.34)andwedenotebyxi+1thesolutionto(3.34)(assumingFx(xi)isinvertible).Notethat,from(3.34),
xi+1isgivenbyxi+1= xiFx(xi)1F(xi) (3.35)but it shouldnot be
computedthat waybut rather bysolvingthe linear
system(3.34)(muchcheaperthancomputinganinverse).
Itturnsoutthat,undersuitableconditions,xiconvergesveryfasttoasolutionx.Exercise3.35Newtonsmethodisinvariant
undernon-singularlinearanetransforma-tionof thedomain. Express this
statement inamathematicallypreciseform, andproveit.Hence,
inparticular, if F: RnRn, Newtonsmethodisinvariantunderscalingof
theindividualcomponentsofx.60 Copyright c _1993-2011,AndreL.Tits.
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dierentiable, with locally Lipschitz-continuousderivative.
LetxbesuchthatF(x) = 0andsupposethatFx(x)isinvertible.
Thenthereexists > 0suchthat,if |x0x| < ,xi x.
Moreover,convergenceisQ-quadratic.Proof. Letxibe suchthatFx(xi) is
invertible(bycontinuity,this holds close to x; seenotebelow).
Then,from(3.35),|xi+1x| = |xixFx(xi)1F(xi)| |Fx(xi)1||F(xi)
+Fx(xi)(xxi)|,wheretheinducednormisusedfor the(inverse)linearmap.
Let1,2, > 0besuchthat|Fx(x)1| 1x B(x, )|F(x) +Fx(x)(xx)| 2|x
x|2x B(x, )12 < 1.(Existence of 2, for small enough follows from
continuity of the second derivative of
fandfromthefactstatedrightafterCorollaryB.2;
canalwaysbeselectedsmall enoughthatthe3rdinequalityholds.)
Itfollowsthat|xi+1x| 12|xix|2wheneverxi B(x, ) 12|xix|
|xix|sothat,ifx0 B(x, ),thenxi B(x, )foralli,andthus|xi+1x|
12|xix|2i (3.36)and|xi+1x| 12|xix| (12)i|x0x| i.Since 12
0x)xx3Figure3.5:Global convergence will beobtainedbymakinguse of
asuitablestep-size rule, e.g., theArmijorule.NowsupposeV=
RN.1NotethattheNewtondirectionhN(x)atsomexisgivenbyhN(x) =
2f(x)1f(x).1ThesameideasapplyforanyHlibertspace,butsomeadditionalnotationisneeded.62
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0,hN(x)isthegradientassociatedwiththe(local)innerproductu, v =
uT2f(x)v.Hence,insuchcase,Newtonsmethodisaspecialcaseofsteepestdescent.Armijo-NewtonTheideaisthefollowing:
replacetheNewtoniteratexi+1=xi
2f(xi)1f(xi)byasuitablestepintheNewtondirection,i.e.,xi+1=
xii2f(xi)1f(xi) (3.37)withisuitablychosen.
Bycontrollingthelengthofeachstep,onehopestopreventinsta-bility.
Formula(3.37)tsintotheframeworkofAlgorithm2,withh(x) = 2f(x)1f(x).
(3.38)FollowingAlgorithm2,wedeneiin(3.37)
viatheArmijostep-sizerule.Note that if 2f(x) is positive denite,
h(x) is a descent direction. Global convergence
withanArmijostep,however,requiresmore(see(3.14)-(3.13)).Exercise3.38Supposef
C2andsuppose 2f(x) 0forall x x : f(x) f(x0).Thenforevery x x : f(x)
f(x0)thereexistsC>0and>0suchthat, forall xcloseenuoghto
x,[[hN(x)[[ C[[f(x)[[hN(x)Tf(x) [[hN(x)[[
[[f(x)[[sothattheassumptionsofTheorem3.4hold.
Thus,anyaccumulationpointofthesequencexkgeneratedbytheArmijo-Newtonalgorithmisstationary.
Moreover,thissequencedoeshave an accumulation point if and only if
fhas a global minimizer and, in such case, xk
x,theuniqueglobalminimizer.Armijo-Newtonyieldsglobalconvergence.
However, theQ-quadraticratemaybelostsincenothinginsures
thatthestep-sizeiwill beequal to1,
evenveryclosetoasolutionx.However, as showninthenext theorem, this
will bethecase if theparameter is lessthan1/2.Theorem3.12Consider
Algorithm 2 with < 1/2 and hi= h(xi) with h(x) given by
(3.38)andsupposethat xisanaccumulationpointofthesequence,with 2f(
x) > 0(secondordersuciencycondition).
Thenthereexistsi0suchthati= 1foralli
i0.Exercise3.39ProveTheorem3.12.Copyright c _19932011,AndreL.Tits.
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convergent algorithm, with (locally) a Q-quadratic rate (if fis
thricecontinuouslydierentiable). However,
weneededastrongconvexityassumptiononf
(onanyboundedset).Supposenowthatfisnotstronglyconvex(perhapsnotevenconvex).
Wenoticedearlierthat, aroundalocal minimizer,
thestrongconvexityassumptionislikelytohold.
Hence,weneedtosteertheiteratexitowardstheneighborhoodofsuchalocal
solutionandthenuseArmijo-Newtonforlocal convergence.
Suchaschemeiscalledastabilizationscheme.Armijo-Newtonstabilizedbyagradientmethodwouldlooklikethefollowing.AlgorithmParameters.
(0, 1/2), (0, 1)Data. x0 Rni = 0while f(xi) ,= 0do
ifsomesuitabletestissatisedthenhi= 2f(xi)1f(xi) (3.39)elsehi=
f(xi)computeArmijostepsizeixi+1= xi +
ihistop.Theabovesuitabletestshouldbeabletodetermineif
xiiscloseenoughtoxfortheArmijo-Newtoniterationtowork. (Thegoal is
toforceconvergence whileensuringthat(3.39)isusedlocally.) Hence,
itshouldatleast includeatest of positivedeniteness of2fx2(xi).
Danger: oscillations!3.9
VariablemetricmethodsTwomajordrawbacksofNewtonsmethodareasfollows:1.
forhi= 2f(xi)1f(xi)tobeadescentdirectionforfatxi,theHessian
2f(xi)must be positive denite. (For this reason, we hadtostabilize
it withagradientmethod.)2. second derivatives must be computed
(n(n+1)2of them!)and a linear system of
equationshastobesolved.Thevariablemetricmethodsavoidthese2drawbacks.
Thepricepaidisthattherateofconvergenceisnotquadraticanymore,butmerelysuperlinear(asintheconjugategradient64
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toconstruct increasinglybetter estimates Siof theinverse of
theHessian, makingsurethatthoseestimatesremainpositivedenite.
SincetheHessian 2fis generallypositive denite aroundalocal
solution, the latter requirement presents
nocontradiction.AlgorithmData. x0 Rn,S0 Rnn,positivedenite(e.g.,S0=
I)while f(xi) ,= 0do hi= Sif(xi)picki arg minf(xi + hi)[ 0xi+1= xi
+ ihicomputeSi+1,positivedenite,usingsomeupdateformulastopIf the Si
are bounded and uniformly positive denite, all accumulation points
of the
sequenceconstructedbythisalgorithmarestationary(why?).Exercise3.40Considertheabovealgorithmwiththestep-sizerulei=
1forall iinsteadof anexact searchandassumef isstronglyconvex.
Showthat, if |Si 2f(xi)1| 0,convergenceisQ-superlinear(locally).
[FollowtheargumentusedforNewtonsmethod. Infact,if |Si2f(xi)1|
0fastenough,convergencemaybequadratic.]Anumber of
possibleupdateformulashavebeensuggested. Themostpopularone,
dueindependentlytoBroyden,Fletcher,GoldfarbandShanno(BFGS)isgivenbySi+1=
Si +iTiTiiSiiTiSiTiSiiwherei= xi+1xii= f(xi+1)
f(xi)ConvergenceIffisthreetimescontinuouslydierentiableandstronglyconvex,thesequence
xigener-atedbytheBFGSalgorithmconvergessuperlinearlytothesolutionx.Remark3.161.
BFGShasbeenobservedtoperformremarkablywellonnonconvexcostfunctions2.
Variable metricmethods,muchlikeconjugate gradientmethods,usepast
informationinordertoimprovetherateof convergence.
Variablemetricmethodsrequiremorestorage than conjugate gradient
methods (an nn matrix) but generally exhibit
muchbetterconvergenceproperties.Copyright c _19932011,AndreL.Tits.
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GivenasymmetricpositivedenitematrixM,dene[[x[[M=
(xTMx)1/2(=newmetric)andshowthatinfhf(x + h) : [[h[[S1i= 1
(P)isachievedforhclosetoh:=Sif(x)[[Sif(x)[[S1iforsmall. Specically,
showthat, givenanyh ,= h,with |h|S1i= 1,thereexists >
0suchthatf(x + h) < f(x + h) (0, ].Inparticular, if2fx (x)>0,
theNewtondirectionisthedirectionofsteepestdescentinthecorrespondingnorm.66
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: x (P)wheref: VRiscontinuouslyFrechetdierentiableandisasubsetofV ,
anormedvectorspace.
Althoughthecaseofinteresthereiswhenisnotopen,nosuchassumptionismade.4.1
AbstractConstraintSetIntheunconstrainedcase, weobtainedarst order
conditionof optimality(fx( x) =)byapproximatingfintheneighborhoodof
xwithitsrstorderexpansionat x.
Nowthattheproblemstatementalsoincludesaconstraintset,
weneedsomekindofrstorderapproximationof validnear x.
Perhapsthemostobvioussuchapproximationistheradialcone.Denition.
TheradialconeRC(x, )toatxisdenedbyRC(x, ) = h V : t > 0s.t.x +
th t (0,t].The following result is readily proved (as an extension
of the proof of Theorem 3.1 of
uncon-strainedminimization,orwithasimplicationoftheproofofthenexttheorem).Proposition4.1Supposexisalocalminimizerfor(P).Thenfx(x)h
0 h cl(coRC(x, ))While this result is useful, it has amajor
drawback: Whenequalityconstraints arepresent, RC(x,
)isusuallyempty, sothattheoremisvacuous.
Thismotivatestheintro-ductionofthetangentcone.
Butrstofall,letusdenewhatismeantbycone.Denition4.1AsetC V
isaconeifx Cimpliesx Cforall > 0.Copyright c
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theentirerayfromtheoriginthroughxbelongstoC(butpossiblynottheoriginitself).
Aconemaybeconvexornot.Example4.1(Figure4.1)Exercise4.1Showthat
aconeCisconvexif andonlyif x + y Cforall , 0, + > 0,x, y
C.Exercise4.2Showthat aconeCisconvexif andonlyif12(x + y) Cforall
x, y C.Showbyexhibitingacounterexamplethat this statement
isincorrect if
coneisreplacedwithset.Exercise4.3Provethatradialconesarecones.Toaddressthedicultyjustencounteredwithradial
cones, letusfocusforamomentonthecase= (x, y) : y=f(x)(e.g.,
withxandyscalars), andwithf nonlinear.Asjust observed, theradial
coneisemptyinthissituation. Fromfreshmancalculus
wedoknowhowtoapproximatesuchsetaround xthough:
justreplacefwithitsrst-orderTaylorexpansion,yielding (x, y) : y= f(
x) +fx( x)(x x),wherewehavereplacedthecurvewithitstangentat x.
Hencewehavereplacetheradial-conespecicationthataraybelongstotheconeif
shortdisplacements alongthatrayyieldpointswithin, witharequirement
that short displacements alongacandidatetangent directiontoour
curveyield points little-o-close to the curve. Mergingthe twoideas
yieldsthe tangent cone,
asupersetoftheradialcone.Denition4.2ThetangentconeTC(x,
)toatxisdenedbyTC(x, ) = h V :o(),t > 0 s.t. x+th+o(t) t
(0,t],o(t)t0 as t 0, t > 0 .Note:
someauthorsrequirethato()becontinuous. Thismayyieldasmallerset.non
convexcone020convexcone2a0not acone2non convex cone201212non
convexcone03Figure4.1:68 Copyright c _1993-2011,AndreL.Tits.
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) = h V : o()s.t. x + th + o(t) t > 0,o(t)t0ast 0, t >
0.Exercise4.6Let : R be continuouslydierentiable. Then, for all
t,ddt(t) TC((t), ).TCneednotbeconvex,
evenifisdenedbysmoothequalityandinequalityconstraints(although
A_gx(x)_andS(x), introducedbelow, areconvex). Example: = x R2:x1x2
0. x + TC(x,
)isanapproximationtoaroundx.Theorem4.1Supposexisalocalminimizerfor(P).Thenfx(x)h
0 h cl(coTC(x, )).Proof. Leth TC(x, ). Theno() x + th + o(t) t
0andlimt0o(t)t= 0. (4.1)Bydenitionofalocalminimizer, t > 0f(x +
th + o(t)) f(x) t [0,t] (4.2)But,usingthedenitionofderivativef(x+
th + o(t)) f(x)=fx(x)(th + o(t)) + o(th + o(t))with o(th)t0ast 0=
tfx(x)h + o(t)with o(t) =fx(x)o(t) + o(th + o(t)).Hencef(x + th +
o(t)) f(x) = t_fx(x)h + o(t)t_ 0 t (0,t]sothatfx(x)h + o(t)t 0 t
(0,t]Itisreadilyveriedthat o(t)t0ast 0. Thus,lettingt
0,oneobtainsfx(x)h
0.Theremainderoftheproofisleftasanexercise.Copyright c
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,)*x*Figure4.2:Example4.2(Figure4.2). InRn,ifx= solve(P),then
f(x)Th 0forallhinthetangentcone,i.e., f(x) makesan angleofat
least/2 witheveryvectorinthetangentcone,i.e., f(x) C.
(Cisknownasthenormalcone.)Thenecessaryconditionofoptimalitywejustobtainedisnoteasytouse.
Byconsideringspecictypesof constraintsets,
wehopetoobtainasimpleexpressionforTC,
thusaconvenientconditionofoptimality.Werstconsidertheequalityconstrainedproblem.4.2
EqualityConstraints-FirstOrderConditionsForsimplicity,wenowrestrictourselvestoV=
Rn. Considertheproblemminf(x) : g(x) = 0 (4.3)i.e.minf(x) : x x :
g(x) = 0. .wheref : RnRandg :
RnRmarebothcontinuouslyFrechetdierentiable. Letxbesuchthatg(x) = 0.
Leth TC(x, ),i.e.,supposethereexistsao()functionsuchthatg(x + th +
o(t)) = 0 tSinceg(x) =0, wereadilyconcludethatgx(x)h=0.
Weinvestigateconditionsunderwhichtheconverseholds,i.e.,underwhichTC(x,
) =_h Rns.t.gx(x)h = 0__= A_gx(x)__Remark4.1UnlikeTC(x, ),
A_gx(x)_dependsnotonlyon, butonthewayisformulated. Forexample(x, y)
s.t.x = 0 (x, y)s.tx2= 0but A_gx(0, 0)_))isnotthesameinbothcases.70
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m=1n=2. Claim:g(x)TC(x, )(why?). Thus, frompicture, TC(x,
)=A_gx(x)_(assuming g(x) ,= 0).2. m=2n=3. Again, TC(x, ) =
A_gx(x)_, (againassuming g1(x) ,=0
,=g2(x);convinceyourselfofthis).3. m=2n=3. HereTCisalinebut
A_gx(x)_isaplane(assuming g1(x) ,=0 ,=g2(x)). ThusTC(x, ) ,=
A_gx(x)_. Notethatxcouldbealocal minimizerwith
f(x)asdepicted,although f(x)Th < 0forsomeh A_gx(x)_.(1) m=1
n=2(2) m=2 n=3(3) m=2 n=3={xg(x)=0}x+TC(x ,) *x*g(x)=01g(x)=02
x*g=02g=01f(x ) *x**Figure4.3:Proposition4.2c(coTC(x, ))
A_gx(x)_.Proof. Leth TC(x, ). Then o() x + th + o(t) t 0
(4.4)Copyright c _19932011,AndreL.Tits. AllRightsReserved
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(4.5)i.e.0 = g(x + th + o(t)) g(x) = t_gx(x)h + o(t, h)t_t 0
(4.6)Lettingt 0,wegetgx(x)h = 0, i.e.h A_gx(x)_.
(4.7)Theresultfollowsbynotingthat A_gx(x)_isclosedandconvex.We
wanttodetermineunderwhat conditionsthe twosetsare
equal,i.e.,underwhat condi-tionsA_gx(x)_ TC(x, ).Leth A_gx(x)_,
i.e.,gx(x)h = 0.Wewanttondo() : R Rns.t.s(t)= x + th + o(t) t
0Geometricintuition(seeFigure4.4)suggeststhatwecouldtrytondo(t)orthogonal
toh. (ThisdoesnotworkforthethirdexampleinFigure4.3.). Sinceh
A(gx(x)),wetrywitho(t)intherangeofgx(x)T,i.e.,x*x+th *x+ th+
o(t)*Figure4.4:s(t) = x + th +gx(x)Tu(t)for someu(t) Rm. Wewantto
ndu(t) suchthats(t) ti.e.,suchthatg(x +th +gx(x)Tu(t))=0 t,
andtoseeunderwhatconditionuexistsandisalittleofunction.Wewillmakeuseoftheimplicitfunctiontheorem.Theorem4.2(Implicit
FunctionTheorem(IFT); see, e.g., [21]. Let F : Rm

RnmRm,m < nand x1 Rm, x2 Rnmbesuchthat(a) F C172 Copyright c
_1993-2011,AndreL.Tits.
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x1, x2) = 0(c)Fx1( x1, x2)isnonsingular.Then > 0andafunction :
RnmRm(i) ( x2) = x1(ii) C1inB( x2, )(iii) F((x2), x2) = 0 x2 B( x2,
)(iv)x2(x2) = [x1F((x2), x2)]1 x2F((x2), x2) x2 B( x2,
).Interpretation(Figure4.5)x2x *x1x1F(x,x)=02Figure4.5:Letn = 2, m
= 1i.e. x1 R, x2 R. [Theideais tosolvethe systemof equationsfor
x1(locallyaround( x1, x2)]. Aroundx,(x1F(x1, x2) ,=
0)andx1isawelldenedcontinuousfunction of x2: x1= (x2). Around x,
(x1F( x1, x2) = 0) and x1is not everywheredened(specically,
itisnotdenedforx2 n,AATissingular.Theorem4.3Supposethatg(x) =
0andgx(x)issurjective(i.e.,xisaregularpoint).ThenTC(x, ) =
A_gx(x)_. (ThusTC(x,
)isconvexandclosed,indeed,itisaclosedsubspace.)Proof.
Wewanttond(t)suchthats(t) := x + th +gx(x)T(t)satisesg(s(t)) = 0 t
i.e.,g_x + th +gx(x)T(t)_ = 0 tCopyright c _19932011,AndreL.Tits.
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RRmRm g : (t, ) g_x + th +gx(x)T_WenowusetheIFTon gwitht = 0, = 0.
Wehave(i) g(0, 0) = 0(ii) g(0, 0) =gx(x)gx(x)THence g(0, 0)
isnon-singularandIFTappliesi.e. : R Rmandt > 0 (0) = 0and g(t,
(t)) = 0 t [t,t]i.e.g_x + th +gxT(x)(t)_ = 0 t
[t,t].Nownotethatadierentiablefunctionthatvanishesat0isaofunctionifandonlyifitsderivativevanishesat0.
Toexploitthisfact,notethatddt (t) = _ g(t, (t))_1t g(t, (t)) t
[t,t]But,fromthedenitionof gandsinceh A_gx(x)_t g(0, 0) =gx(x)h =
0i.e.ddt (0) = 0and(t) = (0) +ddt (0)t + o(t) = o(t)sothatg(x + th
+ o(t)) = 0 twitho(t) =gTx(x)o(t)whichimpliesthath TC(x,
).Remark4.2Note that,inorder forgx(x) tobefull
rowrank,itisnecessarythatm n,anaturalconditionforproblem(4.3).74
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whenxisaregularpoint, TC(x, )isconvexand closed,indeed,is a closed
subspace. This subspaceis typicallyreferred to as
thetangentplanetoatx.Remark4.4Suppose now g is scalar-valued. In
such case, given R, the set x : g(x) =is oftenreferredtoas
the-level set of g. Thenxis aregular point if andonlyifg(x) ,=0.
Itfollowsthat, regardlessofwhetherxisregularornot, g(x)Th=0forall
hin A(gx(x)), implyingthat g(x)Th=0forall
hinthetangentconeatxtothe(unique)level setof gthatincludesx.
Thegradient g(x)issaid-to-benormal
tothelevelset(orlevelsurface,orlevelcurve)throughx.Remark4.5Alsoofinterestisthatconnectionbetweenthegradientatsome
x Rofascalar,continuouslydierentiablefunctionf:
RnRandthenormaltoitsgraphG := (x, z) Rn+1: z= f(x).Thuslet x Rnand
z= f( x). Then( x, z) isregular for the functionz f(x)and avectorof
the form (g, 1) is orthogonal to the tangent plane at ( x, z) to G
if and only if g= f( x).Thus, the gradient at some point x of fis
the horizontal projection of the downward normalat that point to
the graph of f, whenthe normal is scaled sothat its
verticalprojectionhasunitmagnitude.Exercise4.8ProvetheclaimsmadeinRemark4.5.Wearenowreadytostateandprovethemainoptimalitycondition.Theorem4.4Supposexisalocalminimizerfor(4.3)andsupposethatgx(x)isfullrowrank.
Thenfx(x)h = 0 h A_gx(x)_Proof. FromTheorem4.1,fx(x)h 0 h TC(x, )
(4.8)sothat,fromTheorem4.3fx(x)h 0 h A_gx(x)_. (4.9)Nowobviouslyh
A_gx(x)_implies h A_gx(x)_. Hencefx(x)h = 0 h
A_gx(x)_(4.10)Copyright c _19932011,AndreL.Tits. AllRightsReserved
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Rmf(x) +gx(x)T= 0 (4.11)i.e.f(x) +m

j=1jgj(x) = 0 (4.12)Proof. Fromthetheoremabove f(x) A_gx(x)_=
A_gx(x)_= 1_gx(x)T_,i.e.,f(x) =m

j=1jgj(x) (4.13)forsome1, . . . ,m.
Theproofiscompleteifonesetsj= j,j= 1, 2, . . . ,
m.Remark4.6Regularityof xisnot necessaryinorderfor(4.11)tohold.
Forexample,considercaseswheretwocomponentsofgareidentical
(inwhichcasetherearenoregularpoints).Corollary4.2Suppose that xis a
local minimizer for (4.3) (without full rank assumption).Then
Rm+1,= (0, 1, . . . , m) ,= 0,suchthat0f(x) +m

j=1jgj(x) = 0 (4.14)Proof. Ifgx(x) is not full rank, then(4.14)
holds with0=0(gj(x) are linearlydependent).
Ifgx(x)isfullrank,(4.14)holdswith0= 1,fromCorollary4.1.Remark4.71.
Howdoestheoptimalitycondition(4.12)helpussolvetheproblem?
Justrememberthatxmustsatisfytheconstraints,i.e.,g(x) = 0
(4.15)Hencewehaveasystemofn + mequationswithn + munknowns(xand).
Now,keepinmindthat(4.12)isonlyanecessarycondition. Hence,
allwecansayisthat,ifthereexistsalocalminimizersatisfyingthefullrankassumption,itmustbeamongthesolutionsof(4.12)+(4.15).76
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Solutions with 0= 0 are degenerate in the sense that the cost
function does not
entertheoptimalitycondition.Exercise4.9FindthepointinR2thatisclosesttotheoriginandalsosatises(x1a)2A2+(x2b)2B2=
1.LagrangianfunctionIfonedenesL : RnRmRbyL(x, ) = f(x) +m

j=1jgj(x)then,theoptimalityconditions(4.12)+(4.15)
canbewrittenas: Rms.t.xL(x, ) = 0, (4.16)L(x, ) = 0.
(4.17)LiscalledtheLagrangianforproblem(4.3).4.3
EqualityConstraintsSecondOrderConditionsAssumeV =Rn. Inviewof
thesecondorderconditionsfortheunconstrainedproblems,onemightexpectasecondordernecessaryconditionofthetypehT2f(x)h
0 h A_gx(x)_(4.18)sinceitshouldbeenoughtoconsider directions
hinthetangent planetoatx.
Thefollowingexerciseshowthatthisisnottrueingeneral.Exercise4.10Considertheproblemminf(x,
y) x2+ y : g(x, y) y kx2= 0, k> 1.Showthat (0,
0)istheuniqueglobal minimizerandthat it doesnot satisfy(4.18).
((0,0)doesnotminimizefoverthetangentcone(=tangentplane).)ThecorrectsecondorderconditionswillinvolvetheLagrangian.Copyright
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Supposexisalocal minimizerfora4.3)andsupposethatgx(x) is
surjective. Alsosupposethat f andg are
twicecontinuouslydierentiable. Thenthereexists
Rmsuchthat(4.16)holdsandhT2xL(x, )h 0 h A_gx(x)_(4.19)Proof. Leth
A_gx(x)_ = TC(x, ) (sincegx(x)isfullrowrank). Then o() s.t.x +th +
o(t) s(t) t 0i.e.g(s(t)) = 0 t 0
(4.20)and,sincexisalocalminimizer,forsomet > 0f(s(t)) f(x) t
[0,t] (4.21)Wecanwrite t [0,t]0 f(s(t))f(x) =
f(x)T(th+o(t))+12(th+o(t))T_2f(x)(th + o(t))_+o2(t) (4.22)and,forj=
1, 2, . . . , m,0 = gj(s(t)) gj(x) = gj(x)T(th + o(t)) +12(th +
o(t))T_2gj(x)(th + o(t))_+ oj2(t)(4.23)whereo2(t)t20, as t
0,oj2(t)t20 as t 0 for j= 1, 2, . . . , m. (Note that the rst term
inthe RHS of (4.22) is generally not 0, because of the o term, and
even dominates the secondterm;
thisiswhyconjecture(4.18)isincorrect.)
Wehaveshown(1stordercondition)thatthereexists Rmsuchthatf(x) +m

j=1jgj(x) = 0Hence,
multiplyingthejthequationin(4.23)byjandaddingall ofthem,
togetherwith(4.22),weget0 L(s(t), )L(x, ) = L(x, )T(th+o(t))+
12(th+o(t))T2L(x, )(th+o(t))+ o2(t)yielding0 12(th + o(t))T2L(x,
)(th + o(t)) + o2(t)with o2(t) = o2(t) +m

j=1joj2(t)whichcanberewrittenas0 t22 hT2L(x, )h + o2(t) with
o2(t)t20ast 0.78 Copyright c _1993-2011,AndreL.Tits.
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0(t >
0),weobtainthedesiredresult.Justlikeintheunconstrainedcase,theaboveproofcannotbeuseddirectlytoobtainasuciency
condition, by changing to 0.
Itisnotclearwhetherthiswouldensurethatf(x) < f(x) x B(x, ) x,
forsome >
0.Itturnsoutthatitdoes,duetothefollowinglemma.Lemma4.1Supposethatxk
x,withg(xk) =g(x) = 0andxkx[[xkx[[ sforsomes.Thengx(x)s=0.
(Thesetof suchlimitsisoftenreferredtoasthesequential conetoatx.
Thusthesequentialconeisincludedin A(gx(x)).)Proof. Letxk=x +
ksk,withk 0ask and [[sk[[ =1 k. Sinceg(x) =0,wehave0 = g(x + ksk) =
kgx(x)sk + o(k)= kgx(x)sk +o(k)kSincesk s,andsinceo(k)k0ask
,thisimpliesgx(x)s= 0, i.e.,s
A_gx(x)_.Wenowstateandprovethe2ndordersucientconditionofoptimality.Theorem4.6(2ndordersuciencycondition).
Supposethat f andgaretwicecontinu-ouslydierentiable. Supposethatx
Rnissuchthat(i) g(x) = 0(ii) (4.16)issatisedforsome Rm(iii) hT2L(x,
)h > 0 h A_gx(x)_, h ,= 0Thenxisastrictlocal
minimizerfor(4.3)Copyright c _19932011,AndreL.Tits.
AllRightsReserved 79ConstrainedOptimizationProof. Bycontradiction.
Supposexisnotastrictlocal minimizer. Then >0, x B(x, ), x ,=
xs.t.g(x) = 0andf(x) f(x) i.e., asequence sk Rn, [[sk[[ =
1andasequenceofpositivescalarsk 0g(x + ksk) = 0 (4.24)f(x + ksk)
f(x) (4.25)Wecanwrite0 f(xk) f(x) = kf(x)Tsk +122ksTk2f(x)sk +
o2(ksk)0 = gj(xk) gj(x) = kgj(x)Tsk +122ksTk2gj(x)sk +
oj2(ksk)Multiplyingbythemultipliersjgivenby(ii)andadding,weget0
122ksTk2L(x, )sk + o2(ksk)i.e.12sTk2L(x, )sk + o2(ksk)2k 0 k
(4.26)Since [[sk[[=1 k,skliesinacompactsetand sandKs.t. skKs.
Withoutlossofgenerality,assumesk s. Takingk in(4.26),
weget(s)T2L(x, )s 0.Sincefromthelemma,s
A_gx(x)_,thisisacontradiction.4.4
InequalityConstraintsFirstOrderConditionsConsidertheproblemminf0(x)
: f(x) 0 (4.27)wheref0: RnR and f : RnRmare
continuouslydierentiable. Recall that, in theequality constrained
case (see (4.3)), we obtained 2 rst order conditions: a strong
conditionsuchthat f(x) +gx(x)T= 0
(4.28)subjecttotheassumptionthatgx(x)isfullrank,andaweakercondition(0,
) ,= 0suchthat0f(x) +gx(x)T= 0. (4.29)80 Copyright c
_1993-2011,AndreL.Tits.
AllRightsReserved4.4InequalityConstraintsFirstOrderConditionsFortheinequalityconstraintcase,weshallrstobtainaweakcondition(FritzJohncondi-tion)analogous
to(4.29).
Thenwewillinvestigatewhenastrongcondition(Karush-Kuhn-Tuckercondition)holds.Weusethefollowingnotation.
Forx RnJ(x) = j 1, . . . , m : fj(x) 0 (4.30)J0(x) = 0 J(x)
(4.31)i.e.,
J(x)isthesetofindicesofactiveorviolatedconstraintsatxwhereasJ0(x)includestheindexofthecostfunctionaswell.Exercise4.11Lets
Rmbeavectorofslackvariables. Considerthe2problems(P1)minxf0(x) :
fj(x) 0, j= 1, . . . , m(P2)minx,sf0(x) : fj(x) + (sj)2= 0, j= 1, .
. . , m(i) Provethatif( x, s)solves(P2)then xsolves(P1)(ii)
Provethatif xsolves(P1)then( x, s)solves(P2)where sj=_fj( x)(iii)
Use Lagrange multipliers rule and part (ii) to prove (carefully)
the following weak result.If xsolves(P1)and fj( x): j J(
x)isalinearly-independentset, thenthereexistsavector Rmsuchthatf0(
x) +fx( x)T = 0 (4.32)j= 0 if fj( x) < 0j = 1, 2, . . . , m
(4.33)Thisresultisweakbecause:
(i)thereisnoconstraintonthesignof,(ii)theresultscanbeshowntoholdunderaweakerregularitycondition.Toobtainstrongerconditions,
wenowproceed, asinthecaseof equalityconstraints,
tocharacterizeTC(x, ). Forx werstdenethesetof
rst-orderstrictlyfeasibledirectionsSf(x) := h : fj(x)Th < 0 j
J(x).ItisreadilycheckedthatSf(x)isaconvexcone. Further,asshownnext,
itisasubsetoftheradialcone,henceofthetangentcone.Theorem4.7Ifx
(i.e.,f(x) 0),Copyright c _19932011,AndreL.Tits. AllRightsReserved
81ConstrainedOptimizationSf(x) RC(x, ).Proof. Leth Sf(x). Forj
J(x),wehave,sincefj(x) = 0,fj(x + th) = fj(x + th) fj(x) = t
fj(x)Th + oj(t) (4.34)= t_fj(x)Th +oj(t)t_. (4.35)Since fj(x)Th
< 0, thereexiststj> 0suchthatfj(x)Th +oj(t)t< 0 t (0,tj]
(4.36)and,witht = mintj: j J(x) > 0,fj(x + th) < 0 j J(x), t
(0,t]. (4.37)Forj 1, . . . , mJ(x), fj(x) < 0,thus,bycontinuity
t > 0s.t.fj(x + th) < 0 j 1, . . . , mJ(x), t (0,t]Thusx + th
t (0,
min(t,t)]Theorem4.8Supposexisalocalminimizerfor(P).Thenf0(x)Th 0
forallhs.t. fj(x)Th < 0 j J(x)or,equivalently,hs.t. fj(x)Th <
0 j J0(x).Proof. FollowsdirectlyfromTheorems4.7and4.1.Denition4.3A
set of vectors a1, . . . , ak Rnis said to be positively linearly
independentif

ki=1iai= 0i 0, i = 1, . . . , k_impliesi= 0 i = 1, 2, . . . ,
kIftheconditiondoesnothold,theyarepositivelylinearlydependent.Notethat,ifa1,
. . . , akarelinearlyindependent,
thentheyarepositivelylinearlyindepen-dent.Thefollowingpropositiongivesageometricinterpretationtothenecessaryconditionjustobtained.82
Copyright c _1993-2011,AndreL.Tits.
AllRightsReserved4.4InequalityConstraintsFirstOrderConditionsTheorem4.9Given
a1, . . . , ak, anitecollectionof vectorsinRn,
thefollowingthreestatementsareequivalent(i) ,h RnsuchthataTj h <
0 j= 1, . . . , k(ii) 0 coa1, . . . , ak(iii)
theajsarepositivelylinearlydependent.Proof(i)(ii): Bycontradiction.
If0 ,coa1, . . . ,
akthenbytheseparationtheorem(seeAp-pendixB)thereexistshsuchthatvTh
> xTv v C. (4.43)Takingv= 0 iyields > 0Copyright c
_19932011,AndreL.Tits. AllRightsReserved
87ConstrainedOptimizationsothat xTb > 0.Tocompletetheproof,
wenowestablishthat xTv 0 v C.(Indeed, thisimpliesthataTi x 0 i,
incontradictionwiththepremise.) Indeed,
supposeitisnotthecase,i.e.,supposev Cs.t. xTv= > 0Setting v =v(
C)thenyields xT v =
Thiscontradicts(4.43).Theorem4.10(Karush-Kuhn-Tucker). Suppose xis
alocal minimizer for (4.28) andKTCQholdsatx. Thenthereexists
Rmsuchthatf0(x) +m

i=1jfj(x) = 0j 0 j= 1, . . . , mfj(x) 0 j= 1, . . . , mjfj(x) =
0 j= 1, . . . , mProof. From(4.42)andFarkassLemma j, j
J(x)suchthatf0(x) +

jJ(x)jfj(x) = 0withj 0, j J(x)Settingj= 0forj ,
J(x)yieldsthedesiredresults.Remark4.12AninterpretationofFarkassLemmaisthattheclosedconvexconeCandtheclosedconvexconeD
= x : aTix 0, i = 1, . . . , karedualofeachother,inthesensethatD =
x : yTx 0, y C,andC= y : xTy 0, x D.88 Copyright c
_1993-2011,AndreL.Tits.
AllRightsReserved4.4InequalityConstraintsFirstOrderConditionsThisisoftenwrittenasD
= C, C= D.InthecaseofasubspaceS(subspacesarecones), thedual
coneissimplytheorthogonalcomplement,i.e.,S= S(checkit).
HencethefundamentalpropertyoflinearmapsLA(L) =
1(L)canbeexpressedinthenotationofconedualityasA(L) = 1(L)andour
proofs of Corollary4.1(equalityconstraint case)
andTheorem4.10(inequalityconstraintcase)fromTheorem4.4andProposition4.4respectively,
areanalogous.Wepointedoutearlierasucientconditionfor0,=0intheFritzJohnconditions.
Wenow consider two other important sucient conditions and we show
that they imply KTCQ.Denition4.5h : RnRisaneifh(x) = aTx +
b.Proposition4.6Supposethefjsareane. Then = x : fj(x) 0, j= 1, 2, .
. . , msatisesKTCQatanyx
.Exercise4.16ProveProposition4.6.Thenextexerciseshowthat
KTCQ(apropertyofthedescriptionoftheconstraints)isnotnecessaryinorderforKKTtoholdforsomeobjectivefunction.Exercise4.17ConsideragaintheoptimizationproblemsinExercise4.13.
Inbothcases(i)and(ii)checkwhethertheKuhn-Tucker
optimalityconditions hold. Thenrepeatwiththecost
functionx2insteadof x1. (Thissubstitutionclearlydoesnot aect
whetherKTCQholds!)Remark4.13Note that, as a consequence of this,
the strong optimality condition holds
foranyequalityconstrainedproblemwhoseconstraintsareall
ane(withnoregularpointassumption).Weknowthatitalwaysholdscl(TC(x,
)) Sf(x)andcl(Sf(x)) cl(TC(x,
)).Thus,asucientconditionforKTCQisSf(x)
cl(Sf(x)).Thefollowingpropositiongives(clearly,
theonlyinstanceexceptforthetrivial
casewhenbothSf(x)andSf(x)areempty)whenthisholds.Copyright c
_19932011,AndreL.Tits. AllRightsReserved
89ConstrainedOptimizationProposition4.7(Mangasarian-Fromovitz)
Suppose that there existshRnsuch thatfj( x)Th 0 h h ,= 0 :gx(x)h =
0, fj(x)Th = 0 j J(x)Thenxisastrictlocal minimizer.Proof.
See[18].Remark4.16Withoutstrictcomplementarity,
theresultisnotvalidanymore. (Example:minx2y2: y 0 with (x, y) = (0,
0) which is a KKT point but not a local
minimizer.)Analternative(stronger)conditionisobtainedbydroppingthestrictcomplementarityas-sumption
but replacing in (ii) J(x) with its subset I(x) := j : j> 0, the
set of indicesofbindingconstraints. Noticethatifj=0,
thecorrespondingconstraintdoesnotentertheKKTconditions.
Hence,ifsuchnon-bindingconstraintsisremoved,xwillstillbeaKKTpoint.Copyright
c _19932011,AndreL.Tits. AllRightsReserved
93ConstrainedOptimizationExercise4.24Showthatthesecondordersuciencyconditionstillholdsifcondition(iii)isreplacedwithhT2L(x,
, )h > 0 h
Sf,g(x)0.Findanexamplewherethisconditionholdswhile(iii)doesnot.Thisconditionisoverlystrong:
seeexampleinRemark4.15.Remark4.17If spfj(x) : jI(x) =Rn,
thencondition(iii) inthe sucientcondition holds trivially,yieldinga
rstordersuciencycondition. (Relate this toExercise4.20.)4.7 Glance
at Numerical Methods for
ConstrainedProblemsPenaltyfunctionsmethods(P) minf0(x) : f(x) 0,
g(x) = 0Theideaistoreplace(P)byasequenceofunconstrainedproblems(Pi)
min i(x) f0(x) + ciP(x)withP(x) = [[g(x)[[2+[[f(x)+[[2, (f(x)+)j=
max(0, fj(x)),andwherecigrowstoinnity.NotethatP(x)=0ix
(feasibleset). Therationalebehindthemethodisthat, ifciislarge,
thepenaltytermP(x)will
tendtopushthesolutionxi(Pi)towardsthefeasibleset.
ThenormusedindeningP(x)isarbitrary,
althoughtheEuclideannormhasclearcomputationaladvantages(P(x)continuouslydierentiable:
thisisthereasonforsquaringthenorms).Exercise4.25Showthatif
[[[[isanynorminRn, [[[[isnotcontinuouslydierentiableat0.First, let
us suppose that each Pi can be solved for a global minimizer xi
(conceptual version).Theorem4.16SupposexiK x,then
xsolves(P).Exercise4.26ProveTheorem4.16As pointedout earlier, the
above algorithmis purelyconceptual since it requires
exactcomputation of a global minimizer for each i. However, using
one of the algorithms previouslystudied,giveni>
0,onecanconstructapointxisatisfying[[i(xi)[[ i, (4.47)by
constructing a sequence xj such that i(xj) 0 as j and stopping
computationwhen(4.47)holds. Wechoose isuchthati 0asi
.Forsimplicity,weconsidernowproblemswithequalityconstraintsonly.94
Copyright c _1993-2011,AndreL.Tits.
AllRightsReserved4.7GlanceatNumericalMethodsforConstrainedProblemsExercise4.27Showthat
i(x) = f(x) + cigx(x)Tg(x)Theorem4.17Suppose that x Rn,gx(x) has
full row rank. Suppose that xiKx. Thenx and f(x) +gx(x)T= 0
(4.48)i.e.,therstordernecessaryconditionofoptimalityholdsatx.
Moreover,cig(xi)K.Exercise4.28ProveTheorem4.17Remark4.18Themaindrawbackofthispenaltyfunctionalgorithmistheneedtodrivecito
inordertoachieveconvergencetoasolution.
Whenciislarge(Pi)isverydiculttosolve(slowconvergenceandnumerical
dicult
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