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Abstract

The purely quantum mechanical Aharonov-Bohm effect is discussed.
UsingHamiltonian mechanics in the adiabatic approximation, it is
found that mea-surable effects take place when particles move
through potentials where theclassical fields are absent. The
Aharonov-Bohm effect can be split into an elec-tric and a magnetic
version, depending on whether the particle moves througha scalar or
vector potential, respectively.The Berry phase is established to be
a useful tool to evaluate the magneticAharonov-Bohm effect. Using a
particle in a box system transported around aclosed loop, certain
properties of the wavefunction can be observed, even out-side the
adiabatic approximation.Some experiments are also discussed, which
confirmed the magnetic Aharonov-Bohm effect to be a reality.
Central in these experiments is superconductivity,which quantises
magnetic flux, manifesting the Aharonov-Bohm effect. An ex-periment
using photons in a superconducting ring structure is also
discussed,showing that neutral particles can also exhibit the
Aharonov-Bohm effect.
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Chapter 1

Introduction

In this thesis the Aharonov-Bohm effect is discussed. The effect
is named af-ter Yakir Aharonov and David Bohm, who published their
first paper aboutthe effect in 1959 [1]. In this paper, they showed
that in electrodynamics, thebehaviour of particles can not entirely
be described by the classical E- and B-fields. Instead, the scalar
and vector potentials play an important role. Theyalso proposed
experiments to verify the effect.

Another part of this thesis discusses how the Aharonov-Bohm
effect can bedescribed by a Berry phase. In 1984, Berry showed that
the effect is a caseof a geometric phase [2]. A consequence of this
is that the magnetic effect,which was first found by an adiabatic
approximation, doesn’t need adiabaticcircumstances to manifest at
all.

The structure of this thesis consists of firstly discussing the
fields and theirrelation to the potentials. After this basis is
laid, the Aharonov-Bohm effect isdescribed in the usual way. Then,
the connection to the Berry phase is made.Lastly, some experiments
that show the magnetic Aharonov-Bohm effect arediscussed.

Note that in this thesis, I use the natural unit c = 1√µ0�0 = 1.
The Planckconstant h keeps its usual value, to demonstrate the
quantum nature of theeffect.
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Chapter 2

Fields, Potentials and Gauges

Because the Aharonov-Bohm effect is described by Schrödinger
equations, it isa quantum mechanical phenomenon. The Hamiltonians
in these Schrödingerequations consist of a combination of kinetic
and potential energies. There-fore, we need electromagnetic
potentials to work with. In this chapter, theconnection is made
between the fields and the potentials. As the fields cannot be used
to describe the Aharonov-Bohm effect, we say that they have
toolittle information. The problem that arises when making the step
from fieldsto these potentials is gauge-invariance. This means that
the potentials actuallygive too much information. We will later see
that the right description of theAharonov-Bohm effect is the one
with a phase factor (e.g. eiα), which hasexactly the right amount
of information [3] A solution to this is gauge fixing,which is also
discussed. We find however that gauge fixing is not needed, asthe
theories used are gauge invariant. One such theory we need
describes thecovariant derivative, which has some implications for
the momentum in theSchrödinger equation.

2.1 Relating Fields to Potentials

In the classical view, the forces between particles are
described by the electric(E) and magnetic (B) fields. From
Maxwell’s equations we find that B isdivergenceless, so it can be
written in terms of a curl, which introduces thevector potential
A:

B = ∇×A (2.1)

This, together with ∇×E = −∂B∂t , allows the electric field to
be written as:

E = −∇φ− ∂A∂t

(2.2)

with which the scalar potential φ is also introduced.

These potentials can both be combined into the four-vectorAµ =
(φ,Ax, Ay, Az).A good reason to write them like this is because
field tensor can be written in
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terms of the four-vector [4]:

Fµν =

0 Ex Ey Ez−Ex 0 Bz −By−Ey −Bz 0 Bx−Ez By −Bx 0

= ∂Aν∂xµ − ∂Aµ

∂xν(2.3)

This field tensor can be used to produce Maxwell’s equations
from the equationsof motion of the sourceless Lagrangian L = −
14F

µνFµν . It is also worth notingthat this Lagrangian is Lorentz
invariant.

2.2 Gauge Invariance

Now that we know how the fields relate to the potentials, we can
look atgauge-invariance. Something that stands out when looking at
the equationsfor the fields is that they are related to potentials
by a derivative. If we wereto add the derivative of a scalar
function λ(r) into this derivative, the fieldswould stay the same,
but the potentials would be different. One way to seethis is by
adding such a term to the field tensor equation (i.e. performing
agauge transformation) by changing the four-vector Aµ as (using the
convention∂µ = ∂∂xµ ):

Aµ → Aµ′

= Aµ + ∂µλ(r) (2.4)

which would, when applying this to (2.3), create a new field
tensor Fµν :

Fµν′

= ∂µAν + ∂µ(∂νλ(r))− ∂νAµ − ∂ν(∂µλ(r)) = ∂µAν − ∂νAµ =
Fµν(2.5)

The new tensor is simply the same as the old one. In other
words, the fields areinvariant under gauge transformations. Since
we can only measure the fieldsand not the potentials, there would
be no way to find which of the infinitepossible potentials is
right. But as we can see, we can turn each potential intoanother by
adding the derivative of a scalar function, which could be solved
bygauge fixing [6].

2.3 Gauge Fixing and Invariance

When a physical state can be described by multiple
representations, these rep-resentations are called gauges. The
potentials which are discussed form suchgauges. Since the physical
state (the field) is the thing that matters, we are freeto choose a
gauge which is most convenient for current use. One such gauge
isthe (not Lorentz invariant) Coulomb gauge ∇ ·A = 0, another is
the (Lorentzinvariant) Lorenz gauge ∇ ·A + 1c2

∂2φ∂t2 = 0 [4].

While choosing a single gauge to work in would seem handy, it
isn’t needed inthis thesis. As mentioned before, we will be
concerning ourselves with phasefactors, where the potential is part
of the phase in the exponential. These
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factors contain just the right amount of information to describe
the Aharonov-Bohm effect. The relevant quantities arise from the
difference in phases, whichmakes choosing a gauge unnecessary, as
these differences turn out to be gauge-invariant.

2.4 The Covariant Derivative

In this section, ψ is a Dirac spinor, and ψ̄ ≡ ψ†γ0 its Dirac
adjoint

In relativistic quantum mechanics, the theories are Lorentz
invariant. This im-plies that when we transform the fields, the
Lagrangian should stay the sameor change by a total derivative,
e.g. L′ = L + ∂L = L, which means ∂L = 0.So too in Quantum
Electrodynamics, which we use here to justify the use of acovariant
derivative.

The sourceless Lagrangian for pure electromagnetism was already
shown ear-lier. The Dirac Lagrangian, which is used to describe
fermions like electrons,is L = ψ̄(i/∂ −m)ψ. If we were to say that
the total Lagrangian for electrody-namics with fermions would
be

L = −14FµνF

µν + ψ̄(i/∂ −m)ψ (2.6)

we would be wrong, since the theory is no longer gauge
invariant. To find outwhy, we perform the transformations

ψ → eiλψ, Aµ → Aµ +1

q∂µλ (2.7)

The 1/q-part is new, it is needed later on to make a term drop
out. We havealready seen that the field tensor is invariant under
such a transformation ofAµ in equation (2.5). However, the Dirac
part does spit out an extra term:

L′ = −14FµνF

µν + e−iλψ̄(i/∂ −m)eiλψ = −14FµνF

µν + ψ̄(i/∂ −m)ψ + iψ̄(i/∂λ)ψ(2.8)

To get back the invariance, we define the covariant derivative:
Dµ = ∂µ− ih̄qAµ.We use it to replace the /∂ in the Dirac term with
/D, which can be verified togive ∂L = 0. Now we have the total
Lagrangian of Quantum Electrodynamicsfor fermions:

L = −14FµνF

µν + ψ̄(i /D −m)ψ (2.9)

We could say that the part added to our initial Lagrangian,
−iψ̄qγµAµψ, is theconnection between the potential and the
fermions. Making this connection iscalled minimal coupling [5].

Now, what is the effect on the momentum? When discussing the
magneticversion of the Aharonov-Bohm effect, we see that there are
electrons moving
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through a potential A, which means we use the covariant
derivative. Themomentum changes by minimal coupling:

p =h̄

i∇ → pfield =

h̄

i∇− qA (2.10)

Note that the momentum is described with a ’∇’, which implies
we’ve chosena frame in which the zeroth component of the momentum
is small enough tobe ignored (otherwise it would have been
described with ’∂µ’). Indeed, theAharonov-Bohm effect as discussed
in this thesis is in this frame and thereforethe electric part of
the effect also doesn’t have a change in momentum when ascalar
potential is present.
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Chapter 3

The Aharonov-Bohm Effect

Now that there is a basis for the electrodynamics used, the
central subject ofthis thesis can be discussed: the Aharonov-Bohm
effect. This effect manifestsitself in different ways: electrically
charged particles moving partly throughscalar or vector potentials,
but there is also the dual where magnetic dipolesmove through an
electric field. To get a look at what the effect exactly is, wewill
go through the scenario where electrically charged particles move
througha vector potential. The adiabatic approximation is used,
which is discussedfirst.

3.1 The Adiabatic Approximation

Before Berry’s paper in 1984, it was thought that the
Aharonov-Bohm effectonly occurred when the involved processes were
adiabatic in nature: things hadto move slowly such that a particle
that starts in the n-th eigenstate of an initialHamiltonian, stays
in the n-th eigenstate while the initial Hamiltonian movesto a
Hamiltonian at the end of a process. We take a Schrödinger
equation:

H(t) |n(t)〉 = En(t) |n(t)〉 (3.1)

For general solutions we look at the time-dependent Schrödinger
equation andtake |ψ(t)〉 as the time evolution of all states
|n(t)〉

ih̄∂

∂t|ψ(t)〉 = H(t) |ψ(t)〉 , |ψ(t)〉 =

∑n

cn(t)eiθn(t) |n(t)〉 (3.2)

with

θn(t) = −1

h̄

∫ t0

En(t′)dt′ (3.3)

Continuing equation (3.2), we see:

ih̄∑n

[ċ(t)eiθn(t) |n(t)〉 − i

h̄cn(t)Ee

iθn(t) |n(t)〉+ cn(t)eiθn(t)[ ∂∂t|n(t)〉

]]
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=∑n

H(t)cn(t)eiθn(t) |n(t)〉 (3.4)

The second part of the left-hand side and the right-hand side
drop off by (3.1),dividing out ih̄ and multiplying by 〈m(t)|,
noting that 〈m(t)|n(t)〉 = δmn:∑

n

[〈m(t)|ċn|n(t)〉+ 〈m(t)| cn

[ ∂∂t|n(t)〉

]]eiθn(t) = 0 (3.5)

By using the relevant orthogonality relation this becomes

ċm(t) = −∑n

cn(t)ei[θn(t)−θm(t)] 〈m(t)|

[ ∂∂t|n(t)〉

](3.6)

We can time differentiate (3.1) and multiply by 〈m(t)| to find a
substitute forthe right hand side of this equation:

〈m(t)|Ḣ|n(t)〉+ 〈m(t)|H(t)[ ∂∂t|n(t)〉] = Ėn 〈m(t)|n(t)〉+ En(t)
〈m(t)|

[ ∂∂t|n(t)〉

](3.7)

The second term of the left-hand side can be changed by (3.1),
and as we willpull the m = n term out of the sum in (3.6), we can
say that m 6= n in (3.7),so we get

〈m(t)|Ḣ|n(t)〉 =(En(t)− Em(t)

)〈m(t)|

[ ∂∂t|n(t)〉

](3.8)

Substituting in (3.6), noting again that the m = n term is
pulled out of thesum

ċm(t) = −cm(t) 〈m(t)|[ ∂∂t|m(t)〉

]−∑n

cn(t)ei[θn(t)−θm(t)] 〈m(t)|Ḣ|n(t)〉

En(t)− En(t)(3.9)

The adiabatic approximation is this: the change in Hamiltonian
has to stayvery small, so we can neglect the second term on the
right hand side, and we’releft with a first order differential
equation solved by setting

cn(t) = eiγn(t)c(0), γn ≡

∫ t0

〈n(t′)|[ ∂∂t′|n(t′)〉

]dt′ (3.10)

Which leaves us to conclude that the state |ψ(t)〉 is:

|ψ(t)〉 =∑n

c(0)eiγ(t)eiθn(t) |n(t)〉 (3.11)

The adiabatic approximation thus shows that the wavefunction
only picks upa few phase factors when the Hamiltonian changes
slowly [7][13].
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3.2 The Magnetic Aharonov-Bohm Effect

The magnetic Aharonov-Bohm effect can be described by an
electron beamwhich is split before and recombined after passing on
both sides of an infinitelylong solenoid which magnetic field
points in z-direction, as in figure 3.1.

The flux through this solenoid is, using equation 2.1 and
Stokes’ Theorem:

Φ =

∫B · da =

∫(∇×A) · da =

∮A · dr (3.12)

First, we construct the Hamiltonian in the presence of a
magnetic field, andto keep things easy, we set the scalar potential
φ = 0. Noting that when themagnetic field is turned on, we see that
p→ p− qA by minimal coupling. Weknow that p = −ih̄∇, so our
complete Hamiltonian with magnetic field is:

H = T + V =(−ih̄∇− qA)2

2m(3.13)

With this Hamiltonian, we can look at the time-dependent
Schrödinger equa-tion.

3.2.1 Time-dependent Schrödinger EquationOf course, we are
interested in the time evolution of a particle in a potential,which
is discussed in the original Aharonov-Bohm paper. We look at suchan
evolution in the adiabatic approximation, in contrast to the
non-adiabatictime-evolution, where the resulting eigenstate is a
linear combination of theeigenstates of the new Hamiltonian
[7].

Figure 3.1: A beam passes along both sides of a solenoid [7]
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We start with the time-dependent Schrödinger equation with the
general Hamil-tonian of equation (3.13):

Hψ = [T + V ]ψ = [(−ih̄∇− qA)2

2m]ψ = ih̄

∂ψ

∂t(3.14)

An interesting thought is when we were to eliminate A from this
function bya gauge transformation, as done by Byers and Yang
[8]:

ψ(r(t)) = eiSi(r)/h̄ψ0, Si(r) = q∫ r

0

Ai · dr, i = 1, 2 (3.15)

where we set the origin of our coordinate system at the point of
the beam split,and ψ0 = ψ(r(0)) = ψ(0). The index i indicates the
different sides along whichthe solenoid is passed. To make it
easier to solve the Schrödinger equation, wefirst calculate ∇ψ and
then look back at (3.14):

∇ψ = ∇(eiS(r)/h̄ψ0) = (∇ψ0)eiS(r)/h̄ + ψ0qAh̄eiS(r)/h̄
(3.16)

The second term will get canceled out by −qA in the momentum, so
we areleft with the following Schrödinger equation:

− h̄2

2m∇2ψ0 + V ψ0 = [T0 + V ]ψ0 = ih̄

∂ψ0∂t

(3.17)

We see here that the vector potential is indeed absent from this
Schrödingerequation by our gauge transformation. As there are many
potentials for thesame physical state, it is nice to have
eliminated it. The only place where wefind A is in the exponential
for the wavefunction. As already noted, this phasefactor contains
just the right amount of information [3].

One could naively say that this shows that the presence of the
potential doesnot matter and therefore the classical view that only
fields can affect particlesis true. But we haven’t yet looked at
the case where there is a phase difference.Going back to the
electron beam split around an infinitely long solenoid, wehave one
part going ’with’ A and one part ’against’ it. This results in:

ψ =1

2ψ0e

iS1/h̄ +1

2ψ0e

iS2/h̄ (3.18)

What we can observe is |ψ|2, so substituting (3.18) into this
gives:

|ψ|2 = 14|ψ0|2(2 + 2cos((S1 − S2)/h̄)) = |ψ0|2(cos2(

1

2∆S/h̄)) (3.19)

This is obviously only the same as the result without vector
potential when∆S/h̄ = n2π (i.e. cos2((1/2)∆S/h̄) = 1) [7]. The only
thing that matters inequation (3.12) is the direction of A; looking
at Figure 3.1 we see that thepath in front of the solenoid goes
’with’ A, the other path ’against’ it. Thiscauses the difference in
S1 and S2, either A is positive, or it is negative, thepath taken
from 0 to r doesn’t matter, so long as S1 and S2 form a loop
around
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the solenoid. What we see is that the interference depends on,
making use of(3.12) and (3.15):

(1/2)∆S/h̄ =q

2h̄

∫ r0

(A−−A)dr = qΦh̄

(3.20)

Note that this result is gauge invariant: whatever we add to A,
it is the dif-ference that matters, thus we don’t have to choose a
gauge. So here it is,the central result of the Aharonov-Bohm paper:
potentials can affect particles,even in absence of an
electromagnetic field.

3.3 The Electric Aharonov-Bohm Effect

The magnetic part of the Aharonov-Bohm effect has been widely
described andalso tested. However, there is also an electric part,
in which A = 0 and φ 6= 0.While less described, an experiment on
the electric part of the effect was stillthe first to be proposed
in Aharonov and Bohm’s 1959 paper.

Figure 3.2: experiment to test the electric Aharonov-Bohm effect
[1]

The experiment that was proposed has a setup as shown in figure
3.2. Justas in the magnetic part, an electron beam is split and
half of the beam goesthrough a different potential than the other
half, but this time the potential iselectric instead of magnetic.
Also, the potentials are turned on when the beamis "well inside the
tubes", so as to not have any effect of the fringe fields onthe
ends of the tubes [1].

3.3.1 Time-dependent Schrödinger EquationWhat we know is that
the wavefunction only picks up a phase factor in theadiabatic
approximation, so we take again:

ψ(t) = ψ0eiSi(t)/h̄, ψ0 = ψ(0), i = 1, 2 (3.21)

This time Si depends on time, as the potentials change with
respect to time.If we substitute this into the time-dependent
Schrödinger equation, we find:

ih̄∂ψ

∂t=

(ih̄∂ψ0∂t

+ ψ0∂Si∂t

)eiSi/h̄ = [H0 + qφi(t)]ψ = Hψ (3.22)
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where H0 is the Hamiltonian when there would be no scalar
potential present.From this equation we then find that

Si = −q∫ t

0

φi(t)dt′ (3.23)

This looks very similar to the magnetic paths, except for the
time integral. Thisis because this is the time component of the
four-vector Aµ. The procedure forinterference also looks the same,
saying that time 0 is the beam split, and thebeam recombination is
at a time t.

3.4 Dual: Aharonov-Casher effect

In 1984, Aharonov and Casher wrote about the Aharonov-Bohm
effect for mov-ing magnetic dipoles [9]. They turned around the
roles of the solenoid and themoving electrons: their setup was
neutral magnetic dipoles (e.g. neutrons)moving around a line
charge. While this means that the magnetic dipolesmove through an
E-field, they aren’t affected by it, since they are neutral.

Aharonov and Casher first treated the general case of the effect
a solenoidand a charged particle have on each other and worked out
an analog for qA,which they found to be E×µ, the effect the line
charge has on the the neutrons.In a later paper, Aharonov, with a
different team, did another derivation andfound the electromagnetic
momentum for the neutron to be Pe = E×µ, whichis again analogous to
the electromagnetic momentum for an electron Pe = qA[10]. This
electromagnetic momentum is what get subtracted off the momen-tum
in minimal coupling, and we could just do the derivation of section
3.2.1and replace qA by E× µ [11]. This would yield a phase of

S(r) =∫ r

0

E× µ · dr (3.24)
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Chapter 4

Berry Phases

In this chapter, bra-ket notation is used, as done in Berry’s
paper[2]

Here, the application of the Berry Phase to the Aharonov-Bohm
effect will bediscussed. While Aharonov and Bohm published their
paper in 1959, it took25 years until Berry showed that the magnetic
Aharonov-Bohm effect can beseen as a geometric phase change. What
is nice about this, is that while thephase is found through the
adiabatic approximation, it still holds outside thisapproximation,
as discussed in this chapter. The first section explains the
setupin which we are working. The second shows that the adiabatic
approximation isnot needed at all, and the last section contains
the connection to the Aharonov-Bohm effect, which is the reason to
explain the Berry phase in the first place.

4.1 The Geometric Phase

To see what the phase exactly entails, we begin by noting again
that in theadiabatic approximation, if a particle starts out in its
nth eigenstate, it staysin it, so we can say that ∇ |n〉 stays
small. In Berry’s paper, he starts out bytaking a ’particle in a
box’ system that is transported around a flux line, asmade clear in
figure 4.1.

Now, the box stays the same size, and we know A gradually drops
off as afunction of r from

∮A · dr = Φ, so the Hamiltonian only depends on R as r is

fixed relative to it. This gives us a time-dependent Schrödinger
equation:

Ĥ(R(t)) |ψ(t)〉 = ih̄ |ψ̇(t)〉 (4.1)

For reasons that will become clear, the system is transported
around a closedpath C in a time T in such a way that R(T ) = R(0).
Since it is a particle in abox system, we can at any time t ’stop’
the system and see that the Schrödingerequation then satisfies

Ĥ(R) |n(R)〉 = En(R) |n(R)〉 (4.2)

where |n(R)〉 is a nondegenerate eigenstate (in the next section
it is shownthat there is no energy Em equal to En). Noting that we
are in the adiabatic
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Figure 4.1: Flux line with particle in a box system [2]

approximation, referring back to the previous section, we see
that a systemstays in this eigenstate, only picking up some phase
factors:

|ψ(t)〉 = eiθn(t)eiγ(t) |n(R(t)

)〉 , θn(t) = −

1

h̄

∫ t0

En(t′)dt′ (4.3)

The first exponential is obtained from the usual time evolution
of a system,and is called the dynamic phase factor. The second
exponential, to be definedin Berry’s way, is the geometric phase
factor.

We said that R(T ) = R(0); this is to swipe out the dynamic
part. Withthe use of the Schrödinger equation we find

Ĥ(R(t))eiθ(t)eiγ(t) |n(R(t)

)〉 = ih̄ ∂

∂t

[eiθ(t)eiγ(t) |n

(R(t)

)〉]

(4.4)

Ĥ(R(t))eiθ(t)eiγ(t) |n(R(t)

)〉 = ih̄

[−ih̄Ene

iθ(t)eiγ(t) |n(R(t)

)〉+

i∂

∂tγ(t)eiθ(t)eiγ(t) |n

(R(t)

)〉+

eiθ(t)eiγ(t)∇R |n(R(t)

)〉 dRdt

]Dividing out the exponentials, multiplying from the left by
〈n

(R(t)

)|, noting

that the left hand side is equal to the first part of the right
hand side andsubtracting them, and bringing the second part of the
right hand side to theleft gives:

h̄∂

∂tγ(t) 〈n

(R(t)

))|n(R(t)

)〉 = ih̄ 〈n

(R(t)

)|∇Rn

(R(t)

)〉 dRdt

(4.5)

14


	
Cancelling the h̄ and integrating over a full curve C the gives
the phase:

γ = i

∮C

〈n(R)|∇Rn(R)〉 · dR (4.6)

This is the Berry phase [2].

4.2 No Adiabatic Approximation

One of the features of the Berry phase was that the adiabatic
approximationwas not needed anymore, which is to say that we do not
have to stay in the samestate |n(R)〉 anymore. To show how, we
rewrite γ, using Stokes’ Theorem:

γ = i

∮C

〈n(R)|∇Rn(R)〉 · dR = i∫∇R × 〈n(R)|∇Rn(R)〉 · da (4.7)

This can be rewritten into a summation of cross-products

γ = i

∫ ∑m 6=n

[∇R 〈n(R)|

]|m(R)〉 × 〈m(R)|

[∇R |n(R)〉

]· da (4.8)

where the m = n term drops out because, when differentiating the
normalisa-tion condition 〈n(R|n(R)〉 = 1 with respect to R and
taking the inner productwith |m(R)〉, we see that
〈n(R)|∇Rn(R)〉=-〈∇Rn(R)|n(R)〉 [12]. So far thishas only made γ more
complicated, but we can rewrite it even more by dif-ferentiating
(w.r.t. R) the time-independent Schrödinger equation 4.2,
andmultiplying it by |m(R)〉 6= |n(R)〉:

〈m(R)|∇RH|n(R)〉+ 〈m(R)|H|∇Rn(R)〉 = ∇Enδmn + En
〈m(R)|∇Rn(R)〉(4.9)

The second term on the left can be simplified by pulling the H
through thebra-state, giving us an Em. The first term on the right
is 0, as we’ve specifiedthat m 6= n. Rewriting 4.9 one last time,
and simplifying:

〈m(R)|∇Rn(R)〉 =〈m(R)|∇RH|n(R)〉

En − Em(4.10)

This is something we can substitute into 4.8:

γ = i

∫ ∑m 6=n

〈n(R)|∇RH|m(R)〉 × 〈m(R)|∇RH|n(R)〉(Em − En)2

· da (4.11)

This is the final result for γ [13]. The most important thing to
notice hereis the absence of ∇R |n(R)〉. In the adiabatic
approximation, this had to besmall, in other words: we had to stay
in the same state |n(R)〉. Now we don’thave to impose this
constraint anymore, so we can drop the approximation andsay that
this always holds [2].
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4.3 Connection to the Aharonov-Bohm Effect

The first section was mainly some standard quantum mechanics to
obtain theBerry phase. The second section showed that the geometric
phase is not subjectto the adiabatic approximation. This section is
about filling in the pieces toget a description of the
Aharonov-Bohm effect in terms of this phase.

4.3.1 Magnetic EffectNote that γ is real; due to the
normalisation condition 〈n(R)|∇Rn(R)〉 ispurely imaginary. With an
entirely real Berry phase, we are free to set

q

h̄A ≡ i 〈n(R)|∇Rn(R)〉 ,

q

h̄B = ∇× ( q

h̄A) = i∇R × 〈n(R)|∇Rn(R)〉

(4.12)

With these equations, the connection quickly becomes clear,
since our γ overone rotation through C is, using 3.12:

γ =q

h̄

∮C

A · dR = qΦh̄

(4.13)

So by the use of the Berry phase we get the same result as
Aharonov and Bohm(3.20), only without use of the adiabatic
approximation [7].

4.3.2 Electric EffectAs shown earlier in this section, the total
phase factor that the wavefunctionpicks up consists of a dynamic
and a geometric part. The geometric part, whichwe now call the
Berry phase, is applicable to the vector potential, but not tothe
scalar potential. This is because the scalar potential depends on
time (asseen in section 3.3), and it is thus part of the dynamical
phase factor. As thedynamical phase factor occurs as a consequence
of staying in one eigenstate|n(R(t)

)〉, which is the adiabatic approximation, we can say that we
have no

non-adiabatic way of looking at the electric effect.
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Chapter 5

Experiments Concerning theAharonov-Bohm Effect

Different experiments were carried out to test the Aharonov-Bohm
effect. WhenAharonov and Bohm published their paper, for example,
R.G. Chambers wasalready testing the magnetic effect. He used an
iron ’whisker’, which was longenough such that the fringe fields
were negligible [14]. However, there was stillworry of magnetic
fields outside the whisker through which the electrons wouldgo,
thus affecting them. Tonomura et al. made these ’leakage fields’
impossibleby enclosing the magnetic fields by a superconducting
ring, thus making anycontact between electron beam and magnetic
field impossible [15].

The electric Aharonov-Bohm effect, while proposed first in the
paper, has notyet been tested (it has been tested in setups where
the electrons come intocontact with fields) [16]. This is mainly
because of the restrictions on currenttechnology, as the proposed
test involves rapidly moving electrons which haveto move through a
potential inside a tube. Because of the high velocity of
theelectrons, the potential on the tubes has to be turned on and
off extremelyfast while the electrons are deep inside the tube,
such as to eliminate the effectof fringe fields on the edges of the
tubes. There are, however, some proposedexperiments. An example is
an experiment by G. Schütz et al. involving dihy-drogen ions (H+2
), which move much slower than electrons due to their weight,making
a pulsing experiment more feasible. Unfortunately, only
simulationshave yet been performed [17].

Recently, a new way of observing the Aharonov-Bohm effect has
been found,using confined photons. While photons are electrically
neutral and do not in-teract with magnetic fields, Roushan et al.
show that in their superconductingcircuit, photons do interact with
each other and form a synthetic magneticfield, a field which
exhibits properties of a ’normal’ magnetic field created bycharges
(whereas photons are neutral particles).
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5.1 Experiment by Tonomura et al.

As already stated, Tonomura et al. used a superconducting ring
to exclude thepresence of leakage fields. As a consequence of the
superconductivity, it wasalso observed that the flux became
quantised when Cooper pairs are formed atT < Tc. This can be
shown by looking at the gauge transformation of Byers andYang found
in equation (3.15). It showed that the time-dependent
Schrödingerequation no longer had an A in it. For the general
Aharonov-Bohm effect, thisdoesn’t have much effect on the phase
factor, but for the superconducting ring,an extra boundary
condition is present.

5.1.1 TheoryBelow a certain temperature Tc the superconductor
starts ’superconducting’:we have a Fermi-sea where all electrons
occupy the lowest energy states up tothe Fermi energy. Cooper
states that two electrons which have some attractiveinteraction
with each other, will form a bound pair in this superconductor,as
this is an energetically more favourable state. The attraction on
the secondelectron occurs due to a local surplus of positive ions
caused by the first electronthat attracted those ions, and vice
versa [18]. There is a boundary conditionimposed on an electron
transported once around the ring: when it completesa loop enclosing
the tunnel O through the ring, it gains a constant
factorexp(ieΦ/h̄), where Φ =

∮A · dr is the enclosed flux through the tunnel O, as

seen in figure 5.1.

Figure 5.1: Multiply connected conductor P with surfaces S1 and
S2, andtunnel O [8]

After a complete loop of an electron (2π), the wavefunction is
multiplied bythis factor, and the flux changed by:

ψ(r) = ψ(r + 2π)ei(e/h̄)Φ =⇒ ∆Φ = h/e (5.1)

The fact that the wavefunction is periodic also means that the
energy levelsare periodic, with a period h/e in Φ, as theorized by
Byers and Yang. Asthe direction of rotation doesn’t matter, we see
also that these periodic energylevels are even functions of Φ
[19].
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What we want with these energy levels is to demonstrate when the
Meissnereffect happens, which is the exclusion of magnetic field
lines from the supercon-ductor; precisely what we want to shield
the electron beam from the magneticfield. This effect requires that
the current in the superconductor is 0. Withthe information we have
on the energy levels, we can find the points at whichthis is true.
We start with the partition function, related to the energy by:

Q =∑r

e−Er/kT (5.2)

This partition function is used to calculate the current through
the ring, withthe equation:

I = kT∂ln(Q)

∂Φ(5.3)

The energy levels are even functions, so the logarithm of the
partition function,as shown in figure 5.2, is also even, but with a
period of h/(2e), since theelectrons move in pairs. The derivative
is then an uneven function with thissame period, and we know an
uneven function is 0 when it’s argument is equalto an integer
multiple of half a period. So we could say the Meissner effect,
theessential part of superconductivity in this section, occurs when
Φ = nh/(4e).However, the minima of the logarithm aren’t stable
equilibria, since even a smallnegative or positive surface current
(5.3) would take the flux to a maximum(when there is a positive
current, the flux will increase until it has reacheda maximum, for
negative current the flux decreases). So the current (5.3)
iseffectively only 0 at Φ = nh/(2e) [8]. Thus for a superconductor,
the flux isquantised by h/(2e) [19].

Figure 5.2: General form of the logarithm of the partition
function [8]

5.1.2 The ExperimentThe quantisation of flux by half a phase
comes in handy when trying to demon-strate the Aharonov-Bohm effect
with a superconductor. As is clear from thisthesis, the effect
manifests itself as a phase shift, so when a beam of
chargedparticles gets shifted by a full period, nothing can be
seen, but when it wouldbe shifted by half a period, the
interference pattern would be the inverse ofan unperturbed beam’s.
This is exactly what is found in the experiment byTonomura et
al..
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Figure 5.3: The object wave through the sample and the reference
wave arecombined in such a way as to project the interference in
the sample wave ontothe interference of the reference wave, clearly
separated by the ’shadow’ of thesample. [15]

For the experiment, they used a toroidal magnet covered in
superconduct-ing material to prevent leakage fields. This was then
covered in a (relatively)thick copper layer, to prevent the
electrons from penetrating the toroid. As iswas not possible to
completely prevent leakage fields, they selected the sampleswhich
had a leakage of less than h/20e, which is far less than the flux
quantum.The setup is shown in figure 5.3

Figure 5.4: Three samples, (a) and (b) at T = 4.5K and (c) at T
= 15K [15]

In figure 5.4, we see the results. There’s an obvious shadow
made by the toroid,and the pattern inside is shifted by one flux
quantum (a) or two quanta (b),(c). In (a) and (b) we can see the
quantisation, an inverse in pattern for half aperiod, a ’line-up’
in pattern for a full period (as can be seen by following
thestriped lines drawn by Tonomura et al. on the toroids). As the
temperaturefor measurement (c) is higher than the conduction
temperature Tc = 9.2, wecan see that the quantisation is gone
[15].

Altogether the experiment confirmed both the Aharonov-Bohm
effect and thequantisation of flux predicted by Byers, Yang and
Bloch [19].
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5.2 Photonic Aharonov-Bohm Effect

Up to this point, the Aharonov-Bohm Effect was shown by looking
at a phaseshift in interference pattern. This shift was created by
letting charged particlesmove through different potentials which
were resultants of a (confined) mag-netic field. Roushan et al.
turn it around: using the acquired phase shift, theyshow properties
of a magnetic field. As this field is not a regular one created
bycharges, the researchers say they have synthesised an effective
magnetic fieldfor photons.

They used the setup as shown in figure 5.5. It consists of three
qubits Qjand three couplers CPjk on a superconducting platform. The
couplers areJosephson junctions (small insulating layer between two
superconducting lay-ers) with adjustable coupling strength (the
measure of tunneling probabilitybetween two qubits), which can be
changed quickly and accurately [21].

Onto the qubits, they can load a microwave photon, thereby
creating a sit-uation in which the qubits had different energies
(and thus frequencies). Whenthere is an energy diffence, the
photons tend to tunnel between the qubits, andas mentioned, the
tunneling probability can be adjusted. For the system infigure 5.5,
we have the following Hamiltonian:

H(t) = h̄

3∑j=1

ωj(a†jaj +

1

2) + h̄

∑j,k

gjk(t)(a†jak + aja

†k) +Hint(t) (5.4)

The first term represents the energies of the qubits, with ωj
the frequencies,and a†j and aj the creation and annihilation
operators, respectively. The secondterm is the coupling term, where
gjk(t) = g0cos(∆jkt+φjk) with ∆jk = ωj−ωkand φjk the phase picked
up when the ’hop’ is made. The third term Hint(t)is the interaction
between photons (bosonic interaction), which is essentially 0for
photons encountered in everyday life, but in qubits very strong
(the reasonfor this is outside the scope of this thesis).

Figure 5.5: The setup as used [20]
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First, we look at the single-photon case, so Hint drops out. To
make thingseasier and to find our connection to the Aharonov-Bohm
effect, we apply therotating wave approximation (method explained
in the suppelementary infor-mation of Roushan’s paper [20]), in
which we’re left with the coupling term,and by using trigonometrics
and adjusting the coupler such that resonance isfound (∆jk = 0),
the Hamiltonian is rewritten into:

H(ΦB) =h̄

2

∑j,k

g0(eiφjka†jak + e

−iφjkaja†k) (5.5)

This looks simpler and has the nice property that there is the
phase factoreiφjk . We can make the analogy that the total phase ΦB
= φ12 + φ13 + φ23 islike a flux, and say that ΦB = q

∮A·dr as in equation (3.12). A photon moving

from qubit to qubit picks up a phase that is analogous to the
phase shift of anelectron due to the Aharonov-Bohm effect. An
important remark is that thetotal phase is invariant under gauge
transformations, just like (3.20). This isdue to the quantising
nature of the superconducting ring; the picked up phasefactor over
a complete circle is constant. ΦB can be seen as the magnetic
fluxthrough the ring, and therefore Roushan et al. say they’ve
created an effectivemagnetic field for photons: a field that
exhibits properties of a magnetic fieldcreated by charges, but
created by neutral particles.

Taking a look at the properties at the system for different
flux, we see thatthe synthetic magnetic field behaves like an
actual magnetic field. In figure 5.6we see the photon initially
loaded into Q1 traveling through the ring with dif-ferent fluxes.
When ΦB = ±π/2, the photon moves in a circle, but for ΦB = 0,the
photon undergoes ’symmetric evolution’, it’s either in Q1 or it’s
equallyprobable to be in Q2 or Q3.

Figure 5.6: Probability graphs of Qj with different fluxes for a
photon loadedinto Q1 [20]
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Reversing time (reading back the graph after some periods
passed) also showstime-reversal breaking: just like for a real
magnetic field, the synthetic fieldchanges sign upon
time-reversal.

When two photons are loaded into the system, we get photon
interaction. Themost important consequence is that they don’t move
freely through the systemand we get a ’hole’ system: the unoccupied
spot behaves as if it had oppositecharge and thus does the same as
a single photon but with a sign change: wherethe photon would move
clockwise, the vacancy moves counterclockwise.

So without charged particles Roushan et al. still managed to
show the conse-quence of the Aharonov-Bohm effect [20].
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Chapter 6

Discussion

The Aharonov-Bohm effect is peculiar to say the least. In this
thesis, it was firstestablished in chapter 2 how the measurable
fields relate to their unmeasurablepotentials, which already gave
some problems: infinitely many potentials arepossible for a single
field. However, since we have only looked at phase differ-ences,
the gauge in which we worked did not matter.

In the third chapter, we looked at the Aharonov-Bohm effect
itself. In a quan-tum mechanical approach some Schrödinger
equations were solved, which ledto the addition of phase factors
when charged particles moved through poten-tials, in regions where
the fields were 0. This had a measurable effect on theinterference
pattern, something that can not be described by classical field
the-ory. The Aharonov-Casher effect was also briefly discussed.

The fourth chapter concerned itself with the Berry phase. In a
process where aparticle completes a closed cycle without returning
to its original state, we seethat it has picked up a geometrical
phase factor, the Berry phase. The analogwith the Aharonov-Bohm
effect was then made, and a convenient consequencewas that the
adiabatic approximation could be dropped thanks to the
Berryphase.

In chapter 5, some experiments were discussed, confirming the
existence ofthe Aharonov-Bohm effect. A main subject of this
chapter were superconduct-ing rings, which quantise the magnetic
flux, making the effect measurable. Inthis chapter it was also seen
that the Aharonov-Bohm effect has an analogto the phase change a
photon gets when going from qubit to qubit through aJosephson
junction.

Finding the classical limit by setting h̄ seems useless;
infinite phase changeswould occur and (3.19) would be
indeterminate. As the phase shift is experi-mentally confirmed, the
Aharonov-Bohm effect therefore seems to be needinga quantum
electrodynamical explanation.
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Chapter 7

List of Used Symbols

φ Scalar potentialA Vector potentialq Charge of a particleh
Planck’s constant, often written h̄ = h/2πΦ Magnetic fluxFµν A
tensor, specifically, the field tensorρ Charge distribution over
volumeψ Electron wavefunction (sec 2.4, Dirac spinor)H or Ĥ
Hamiltonian and Hamiltonian operator respectively|ψ〉 Eigenstate in
braket notationL Lagrangian densityp Momentum
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